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ABSTRACT 
 
The Greenwood-Williamson (GW) model of contact between rough surfaces is a widely 
acclaimed model that has been used to predict contact stiffness and other contact 
parameters. A main limitation of this model is often cited as it is ignoring of asperity 
interaction effects. This thesis aims to validate the Greenwood-Williamson model by using 
the finite element method to study multi-asperity contact and asperity interaction effects. 
The first step in the study of multi-asperity contact was the development of the geometry 
of rough surfaces as a collection of hemispherical caps with a statistical distribution of 
heights, as visualized in the GW model. In this study, different geometries corresponding 
to different asperity densities but same roughness were created. All geometries consisted of 
25 asperities positioned on a 2-dimensional grid. Finite Element (FE) models 
corresponding to different geometries were created and executed. Each model consisted of 
~1-3 million degrees of freedom. To our knowledge, this kind of intense FEA simulation 
has not been executed for a contact mechanics problem till date. Results of the FE models 
were compared to results with an extension to an existing analytical model of asperity 
interaction originally proposed by Ciavarella et al. The extended model includes elastic, 
elastic-plastic and plastic contacts and it assumes that asperity interaction effects are 
primarily due to substrate deformation. A comparison of FE model results and the 
extended Ciavarella et al. model indicated that the analytical model matched the FE model 
results well at small asperity spacing (i.e., spacing less than half of the asperity radius) but 
overestimated interaction effects for asperity spacing greater than half the asperity radius. 
An explanation of this effect is provided using the difference between substrate and 
asperity pressure profiles at different interferences. It is also shown that the GW model 
matches the FE model results with an error of less than 10% for very high values of 
asperity spacing due to negligible interaction effects at high asperity spacing. The 
conclusion of this work is that substrate deformation is the dominant factor in the 
interaction of asperities but knowledge of the pressure profile at the substrate is essential to 
develop an analytical asperity interaction model that matches physical reality more closely 
than the extended elastic-plastic analytical model. 
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CHAPTER 1 
 
INTRODUCTION 
 
1.1 Introduction 
 
The study of contact mechanics is one that is important fundamentally because it is 
applicable in almost any device or machine ever made by human civilization. Right from 
the invention of the wheel in the Stone Age to the steam engine that heralded the start of 
the industrial revolution to today’s digital world with cell phones, laptops and ipods, the 
role of contact mechanics cannot be understated. Contact mechanics is a science that can 
be dealt with at multiple length scales ranging from the macro scale to micro and even 
nano scales as evidenced by the study of contact mechanics in magnetic storage devices 
today. Research in this field is an exciting prospect to many scientists around the world 
mainly because of the wide range of questions that remain unanswered and their 
importance in real world situations. This thesis is part of an effort to develop a 
fundamental understanding of surface roughness and normal contact behavior between real 
world surfaces which are inherently ‘rough’ surfaces at some length scale. More 
specifically, the focus on this thesis is to study the validity of the statistical Greenwood-
Williamson (GW) model of rough surface contact and the effect of asperity interactions on 
the contact behavior using finite element analysis (FEA). 
 
No surface in nature is absolutely smooth. Every surface has some inherent roughness 
present in it. This roughness is quantified by surface parameters obtained from profiles of 
the surface measured using certain instruments. Early attempts to study surface 
characteristics of materials included surface profiling using stylus based contact 
instruments like Talysurf
®
 introduced by Rank Taylor Hobson in England in 1939 
[1]
. The 
company produces better profilometers with improved features today 
[2]
. Non-contact 
profilers came into the field of surface profilometry in the 1980s. One of the first non-
contact profilers was developed in 1983 
[1]
. It used the principle of optical interference to 
measure surface profiles without using a stylus type profile method. These instruments 
helped to create line scans of surfaces, from which various roughness parameters like 
center line average (Ra), RMS roughness (Rq), skewness (Sk) and kurtosis (K) could be 
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obtained. But, the issue of size dependence of line scans was one that could not be 
addressed easily, as roughness parameters depended on the radius of the stylus tip. Digital 
filtering has been proposed as a method to overcome scale of measurement effects on 
roughness parameters measured in hard disk drives 
[3]
. Modern day development in 
technology has led to instruments that can give a more detailed 3D picture of a surface. For 
example, surface scans using the Atomic Force Microscope (AFM) and imaging using 
methods like Scanning Electron Microscopy (SEM) help us to get more details of surface 
parameters. The challenge lies in using these surface parameters to develop a model of 
rough surface contact that works well for situations in a specific length scale at the least, 
and for all length scales at best, if at all such a theory is possible. 
 
Though different theories of describing rough surface contact have been proposed, one 
theory that is widely accepted is the classical Greenwood-Williamson model 
[4]
. It is well 
known that all surfaces are considered to have asperities (bumps) on them. In other words, 
roughness is modeled as asperities on surfaces. In the GW theory, asperity tips are 
modeled as spherical caps having a constant radius of curvature as shown in Figure 1.1. 
The main premise of this model is that the asperity heights follow a statistical distribution. 
In most rough surfaces, this statistical distribution is likely to be a Gaussian distribution. 
However, asymmetrical distributions like Weibull distribution have also been observed 
[5]
. 
In fact, some researchers claim that some surfaces are thought to be Gaussian by mistake 
due to large sampling intervals. They claim that sampling at smaller intervals will indicate 
clearly whether the surface is really Gaussian or actually exponential in nature 
[6]
. 
 
Using data from a line scan, one can obtain the asperity radius of curvature, asperity 
density (i.e. number of asperities per unit area) and asperity height standard deviation. As a 
standard practice, the mean of the asperity heights is normalized to zero. Now, using the 
above mentioned parameters, GW theory comes up with load-interference and contact 
area-interference relationships by using the standard Hertz elastic contact model for 
contact between 2 spheres
 [7]
. Hertzian contact deals with contact between two spheres only 
or equivalent contact between a sphere and a flat as shown in Figure 1.2.  
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GW model used statistical summation of Hertzian loads at each asperity to develop the 
final load-interference and contact area-interference relations that were proposed in the 
1966 paper 
[4]
. Details of this paper are dealt with in Chapter 4, where results of finite 
element simulations are compared with the GW approach. Because the GW model uses 
statistical summation, any possible effect of one asperity’s deformation on the neighboring 
asperities’ height is ignored. In reality, interaction between asperities could be due to 
substrate deformation or other factors, all of which are ignored by the GW model. 
 
 
 
 
Figure 1.1: Greenwood-Williamson representative model of a rough surface. Dashed 
line shows the mean of asperity heights (shown on a 1:1 scale) 
 
  
Figure 1.2: Hertzian contact- sphere on flat 
 
 
  1 
  1 
Rigid flat 
Normal contact 
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1.2 Asperity interaction models 
The GW model has been widely used to predict load-interference relationship and 
therefore stiffness characteristics of surfaces in contact. In fact, it has been so widely 
accepted that some researchers have even suggested methods to find the parameters 
defining a rough surface by measuring its load-displacement characteristics and using the 
data in an “inverse GW method” 
[8]
.  
 
However, the GW model has also been scrutinized for ignoring asperity interactions in 
contact mechanics. Many papers have been published that discuss the contribution of 
asperity interaction in reducing the load for a given interference when two rough surfaces 
are in contact. Zhao et al. 
[9] 
proposed a model of asperity contact in which the transition 
regime between elastic and fully plastic contact is dealt with in detail. Using the above 
mentioned model to describe elastic-plastic transition, Zhao and Chang 
[10]
 proposed a 
model of asperity interactions. Their model separated total interference at an asperity into 
two terms- one term came from the local contact pressure at the asperity and the other term 
came from substrate deformation effects due to other contacting asperities. Instead of 
summing up individual displacement fields due to each contacting asperity, Zhao and 
Chang used St.Venant’s principle and approximated displacement at each asperity by the 
deformation due to an equivalent uniform pressure field acting outside the asperity area. 
The displacement field they used for deformation due to uniform pressure was given by 
Love’s formula. This model has not been widely compared with more recent asperity 
interaction models.  
 
Iida and Ono 
[11]
 used Green’s function describing deformation of an elastic half space 
under a point load to model asperity interactions. Their assumption that an asperity contact 
can be treated as a point load acting on a semi-infinite elastic body may not be valid 
especially under high loads when the contact area of an asperity becomes finite and can no 
longer be approximated by a point. However, their approximation is a very simple one that 
allows for easy implementation into computer programs. In fact, it will be shown in 
Chapter 3 that deformations due to a point load on an elastic half space and an equivalent 
Hertzian pressure on a circular area match very well under light loads.  
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More recently in 2006, Ciavarella and his coworkers 
[13] 
proposed a model of asperity 
interaction that used Hertzian pressure on an elastic half space to define the deformation 
profile of an elastic half space due to asperity contact. They used a rigid rough surface and 
elastic half space idea to describe asperity interactions. As described later in this thesis, we 
used the same expression for asperity interaction. The deformation expression of an elastic 
half space under Hertzian pressure on a circular area is given by Equation 3.42a in 
K.L.Johnson’s book on Contact Mechanics 
[12]
. Ciavarella et al. later proposed a simplified 
model for asperity interaction in 2008 
[14]
. In this model, they derived a simplified 
expression that describes the change in position of the mean plane of asperity heights and 
used it to quantify interaction effects. An iterative solution procedure was recommended 
by them to calculate the mean pressure using their expression. But they also mentioned that 
a first order approximation using GW mean pressure for the first iteration worked well.  
 
Recently, Yeo et al. 
[15] 
proposed an asperity interaction model which used the deformation 
profile due to a Hertzian pressure acting on a circular area. However, they were able to 
simplify this profile by using asperity base radius instead of contact radius. To calculate 
substrate deformation, the contact force used by Yeo et al. was the force due to two springs 
in series approximation that they proposed in an earlier paper 
[21]
. They were also able to 
use their model to show interaction effects when a soft substrate is coated with a thin layer 
of harder material, as is the case in thin films used in hard disk drives. 
 
1.3 FEA based literature 
One of the earliest studies into asperity interaction was done by Komvopoulos et al. 
[16]
. 
Their approach was to use FEA to simulate contact between a rigid surface having equally 
spaced cylindrical asperities and an elastic half space. This analysis was a 2-D analysis 
where the surface was assumed to be very thick in the direction perpendicular to the plane 
of the cylinder’s circular face and hence plane strain assumption was used. Asperity 
interaction was studied by Komvopoulos et al. by varying the spacing between the 
cylinders. The heights of all cylinders were not varied and hence no roughness parameter 
like RMS roughness was investigated in their study. Given the limited computational 
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power available for FEA capabilities in 1992, this paper was certainly a pioneering one in 
using FEA to study contact mechanics.  
 
FEA has been used extensively by researchers to arrive at solutions like load-displacement 
relations when analytical methods prove hard to use. For example, Kogut and Etsion 
[17]
 
used FEA as a tool to analyze the elastic-plastic deformation of a sphere which is loaded 
by a rigid flat that imposes a displacement on it. Their results led to a widely cited elasto-
plastic model available in the literature, especially because of the simplicity of the results 
they produced. Their subsequent paper 
[18]
 dealt with integrating their single asperity 
(sphere) results to a rough surface having a statistical distribution of asperity heights. A 
study similar to the KE study but with wider scope of results was done by Jackson and 
Green 
[19]
. This paper gives a different expression for critical interference than the CEB 
model 
[20]
 as they show that hardness is not a constant value but changes with loading of an 
asperity. The KE model 
[17]
 uses the CEB model to obtain an expression for critical 
interference. Recently, Yeo et al. 
[21] 
suggested a model that accounts for substrate 
deformation and asperity deformation while calculating stiffness of two surfaces in contact 
by using a single asperity contact model. This model was validated using FEA-based 
parametric studies.  
 
Most models mentioned above used single asperity FEA results to develop multi-asperity 
contact theories. These theories were suggested as possible approaches to solve rough 
surface contact problems by extending results of single asperity contact produced in each 
cases. However, few attempts have been made to simulate contact of a realistic rough 
surface. One reason for the lack of complete rough surface contact simulation has been the 
extensive computer power that would be needed for such a study. Another important 
reason is that it is difficult to import surface profile data directly into a FE analysis and 
obtain results. This is because contact at sharp points leads to singularities in stress and 
hence no meaningful results can be obtained unless surface profiles are smoothed using an 
appropriate method. Recently, Walter and Mitterer 
[23]
 have been able to import roughness 
data from AFM images directly into FEA as node positions and thereby carry out realistic 
simulations of roughness effects on various contact parameters. Though Walter et al. 
[22]
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used an axisymmetric and therefore unrealistic model for their early attempts at simulating 
real roughness in FEA, a recent attempt at 3D roughness modeling 
[23]
 using measured 
roughness has been showed to be possible by the same researchers. Thompson and 
Thompson 
[24]
 reviewed the list of parameters that have to be considered so as to reduce 
errors while using real roughness data in finite element modeling. A study of contact 
mechanics of a sinusoidal surface was carried out using the finite element method by Gao 
et al. 
[25]
. Their work used a 2-D plane strain model which seems sufficient for the special 
case they consider but may not capture the essence of real rough surfaces very well. 
 
A study of “multi-asperity” contact was carried out by Eid and Adams 
[26]
. They study 
potential asperity interaction effects in rough surfaces by using a simple geometry 
consisting of two deformable hemispheres that are in contact with a rigid flat. Purely 
elastic and elastic-perfectly plastic contact analysis with different spacing between the 
spheres was carried out, with very fine mesh near the contact regions. Results of their 
study clearly showed that asperity interaction effects are to be considered especially when 
asperities are very close to one another i.e., spacing between asperities is a small fraction 
of the asperity radius. This translates to significant asperity interaction effects 
corresponding to high asperity density in rough surfaces.   
 
However, one would like to quantify these effects for real rough surfaces. Also, with 
today’s significant computational power available in supercomputers, a bold attempt at 
simulating multi-asperity contact is made in this thesis. Chapter 2 describes attempts by us 
to create multi-asperity models starting with a three-asperity model, moving onto many 
asperities along a row and finally leading to a new approach to multi-asperity modeling. 
The creation of multi-asperity models involved a trial-and-error process of creating many 
elementary models before finally arriving at a model that seemed to reflect most of the 
essential features of a realistic multi-asperity surface. In Chapter 3, results obtained from 
simple multi-asperity models are described. Chapter 4 provides complete details of multi-
asperity models containing 25 asperities placed over an area and also provides a detailed 
description of theoretical displacement fields due to various pressure profiles. Results 
obtained from these multi-asperity models and the various conclusions that can be drawn 
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from them are presented in Chapter 6. Results from simulations validate the GW model for 
some cases but prove that asperity interaction plays a dominant role in others. While this 
work answers some fundamental questions in multi-asperity contact, it also opens up the 
possibility of deeper research into some other aspects of contact between surfaces. The 
conclusion of this work and potential for future work are outlined in Chapter 6. 
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CHAPTER 2 
FEA MODELING APPROACH FOR ROUGH SURFACES 
 
A classical model of the contact between rough surfaces that has gained wide acceptance in 
the tribology and mechanical communities is the Greenwood-Williamson model 
[4]
. 
Earlier, Tabor had described rough surfaces as spheres on spheres. However, such a model 
is not used much today and the GW model has been widely accepted. Lately though, rough 
surfaces have been recognized as fractals and this is leading to newer novel ways of 
modeling rough surfaces 
[27]
. However, in this work, the description of rough surfaces by 
the GW model is used and fractal surface topography is not investigated. 
 
When thinking of modeling rough surfaces, one first has to decide the parameters that will 
go into creating the model. The surface profile of a real rough surface can be obtained 
using a profilometer. One of the first profilometers to be used to obtain a surface profile of 
a real surface was the Talysurf
®
 introduced in 1939. As technology improved, so did 
profilometers. Methods using optical interference of light were used to measure surface 
profiles. Later, new methods of fabricating ultra-fine tips for profilometers made surface 
profile measurements better. More specifically, surface roughness on the order of 
nanometers can be measured using Atomic Force Microscopes and similar devices today. 
From the surface profile of a surface, one can extract a wide variety of roughness 
parameters.  
 
Many naturally occurring rough surfaces have a Gaussian distribution of asperity heights. 
The mean of asperity heights is normalized to zero. Hence, to describe such a surface using 
the GW model, one would need just 3 parameters in addition to the asperity height 
statistical distribution Φ from a surface profile- the average radius of asperities R, the 
standard deviation of asperity heights from the mean σ and the density of asperities η. 
Simulating surface contact as modeled by the GW model would require reverse 
engineering in the sense that one would have to create a surface, given the three GW 
parameters mentioned above and the probability density function of asperity heights, Φ. 
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2.1 Literature survey 
A literature survey was done to understand various techniques used by researchers to 
create a 3-D rough surface with a specified distribution of asperity heights. Patir 
[28]
 
suggested that a linear transformation on random matrices could be used to generate three-
dimensional surface roughness. This method uses an auto-correlation function (ACF) to 
create a surface. Hu and Tonder 
[29]
 developed a method of creating three-dimensional 
rough surfaces using low-pass filters and Fourier analysis. Their method has been used by 
Poon and Bhushan 
[31]
 to generate rough surfaces with specific RMS roughness σ and 
correlation length β
*
 and study the effect of roughness on static friction.  Yu and Bhushan 
[31] 
used the method proposed by Hu and Tonder 
[29]
 to generate rough surfaces and study 
surface and sub-surface stresses during contact between nominally flat surfaces used in 
magnetic disk drives. In their work, they indicated that it was sufficient to use RMS 
roughness σ and correlation length β
*
 to fully describe a rough surface with Gaussian 
distribution and supported this claim by a reference to a paper by Whitehouse and Archard 
[32]
. Therefore, the GW idea of rough surfaces was not used by Yu and Bhushan.  Wu 
[33]
 
proposed a method to create a 3-D surface given its auto-correlation function or spectral 
density. This method uses Fast Fourier Transform to mathematically create a surface. A 
similar method has also been proposed by Wu for non-Gaussian surfaces 
[34]
. However, all 
these methods 
[29],[33],[34]
 required the use of an auto-correlation function but did not use the 
GW idea that asperities are spherical caps having a constant radius of curvature and rough 
surfaces have a certain asperity density. Hence, GW parameters like asperity density η, 
standard deviation of asperity heights σ and asperity radius R assume no significance in 
these rough surface generation methods. Therefore, it would not be possible to validate the 
GW model directly by using the above-mentioned rough surface generation methods. Also, 
the GW model does not use a specific ACF. Therefore, using the methods 
[29],[33],[34] 
would 
impose additional complexity on this study as it would be necessary to investigate the 
relation between autocorrelation function and GW parameters. So, this approach was not 
used for the work in this thesis.  
 
Recently, Thompson and Thompson 
[24]
 studied different criteria that one has to keep in 
mind when using measured surface profile data in finite element models. Direct use of 
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measured roughness in FEA models has been done by Walter et al. 
[22,23]
. Peng and 
Bhushan 
[35]
 used a numerical model to study contact between surfaces using a model 
based on variational principles. They mentioned that their model could use rough surface 
data generated on a computer or measured from a surface directly. 
The aim of this thesis was to validate the GW model and study its effectiveness when one 
of its parameters changes. Hence, a new way of creating rough surface models that will 
enable direct comparison with the GW model was developed and is described in this 
chapter. 
 
2.2 Initial modeling approach 
It is clear from the literature reviewed in the last section that to simulate the GW model, 
one would first have to come up with a geometry that would resemble the GW idea as 
closely as possible. A first step in this direction is the study carried out by Eid and Adams 
[26]
. In their study, Eid and Adams used the simple case of contact between two spheres and 
a rigid flat to explain how asperity interaction could be an important effect that is ignored 
by the GW model. The two-asperity model cannot be generalized to the case of multi-
asperity contact very easily as there is no statistics associated with this model. Also, since 
the model of two spheres does not include any “substrate,” asperity interaction effects due 
to substrate deformation could not be seen clearly. Hence, we attempted to simulate a more 
realistic case of multi-asperity contact with more asperities and with a substrate in place. A 
broad overview of the approach used in this thesis to study asperity interaction effects and 
validate the GW model is shown in Figure 2.1. 
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Figure 2.1: Project methodology 
 
The first step in this direction was to create a model of three asperities where the asperities 
are separated by certain spacing between their centers and where their heights vary in 
different ratios. Since we were considering only 3 asperities along a single row, we could 
simulate just one half of the model and impose a symmetry boundary condition on the 
symmetry face. An example of this model is shown in Figure 2.2: 
Obtain roughness parameters η, R, σ, 
Φ from a real rough surface used in a 
specific application 
Calculate spacing between asperities 
using asperity density η. 
Decide number of asperities N to be 
simulated. 
Generate N heights that follow a 
probability density function φ 
Use asperity spacing and height data 
to create an asperity model with N 
asperities placed along a single row 
or distributed over an area 
Use the model in a FEA simulation 
and compare results with analytical 
interaction models 
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Figure 2.2: An example of a three-asperity model  
 
The above model requires a lot of trial and error in creating it as the entire geometry was 
created in Abaqus
TM
 CAE, a Computer Aided Engineering software package application, 
which is not a very flexible environment for geometry creation. At the initial stages of this 
work, the highlight was to develop ideas of asperity interaction using simple asperity 
contact models. These ideas could then be used in more complex models. The results of the 
three-asperity contact model study are detailed in Chapter 3. 
 
Soon after the three-asperity contact models were developed, the logical step forward was 
to develop models that had multiple asperities. To be valid in a statistical context, the 
asperity heights would have to follow a certain probability distribution. For this, we need a 
statistically relevant number of asperities. There is no hard and fast rule about the number 
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of asperities that make up a statistically valid number of asperities but we realized that 
using ~50 asperities, one could get a fairly good distribution of asperities over a probability 
range. However, to position as many as 49 asperities along a single row in such a way that 
their heights follow a specific distribution was not a single step process. The various steps 
involved in this process are detailed below. 
 
2.3 Steps in creating a single row of asperities model 
In our entire study, we restricted ourselves to Gaussian distribution of asperity heights. 
Researchers have showed that other probability distributions like Weibull distribution 
could also be used to describe surface roughness in a more accurate manner than Gaussian 
in some cases. The study of other asperity distributions is work that could be taken up in 
the future, without major difficulties. 
 
Before we start positioning asperities, we need a set of heights of asperities having a 
Gaussian distribution. To obtain these heights, we need a random number generator that 
returns numbers from a Gaussian distribution given the mean and standard deviation of the 
distribution. We did not develop our own random number generator though methods to do 
the same are available in the literature. Instead, we used the random number generator 
available in MATLAB
TM
. The function used for random number generation is  
 
normrnd(m,sd,r,c) 
 
where  
m is the mean of the distribution 
 sd is the standard deviation of the distribution 
 r is the number of rows 
 c is the number of columns 
 
Using this function, one can generate normal distributed random numbers with specified 
mean and standard deviation. The results are available in the rows and columns of the 
matrix that is returned. The size of the matrix to be returned is specified using r and c. 
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Once heights are generated using the MATLAB
TM
 function specified, the next step is to 
position asperity tips at these heights. This is the same as positioning asperity centers along 
these heights as all the asperities have the same radius of curvature. The heights of the 
asperities are used as y-coordinates of points at which asperities will be placed. To do this, 
a text file is created with coordinates of points to be used for asperity placement. The x 
coordinate is created such that all the asperities have uniform spacing between them. The z 
coordinate of asperities is set to zero as we are creating asperities that are placed along the 
same row and the first asperity we create is at z=0. The entire process of model creation is 
done in Pro-Engineer
TM
 as it is a geometry modeling software with a high level of 
flexibility.  
 
To create the model of asperities, first a single sphere is created. Next, the text file 
mentioned above that has the asperity coordinates to be used for positioning has to be read 
into Pro-Engineer
TM
. However, using table pattern capabilities of Pro-Engineer
TM
 did not 
seem to be a viable idea at the time of this work as it seemed to permit only patterning 
along the radius or along the circumference of the asperity. So, we opted for curve 
patterning instead. To do this, the text file having asperity heights has to be saved with .pts 
extension. Now, the points in the file can be read into Pro-Engineer
TM
 by first defining a 
random spline in the plane of asperity centers and then modifying the spline. While 
modifying the spline (using Modify option available by right clicking the spline), one can 
specify an appropriate local coordinate system (local to the sketch) and read in the .pts file 
having asperity height coordinates. Once the spline has been modified, the sphere with 
center at the starting point of the spline can be patterned at equal spacing on the spline. The 
sphere to be patterned and the spline are shown in Figure 2.3. 
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Figure 2.3: Sphere which is to be patterned along the spline shown 
 
As it can be seen in the figure above, the sphere is created in such a way that its center is 
inside a “substrate.” When the sphere is patterned along the spline, using Curve pattern, we 
get the required arrangement of asperities as shown in Figure 2.4: 
 
 
Figure 2.4: 2-dimensional view of rough surface pattern 
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Figure 2.5: 3-D view of sample rough surface (1:1 scale) 
 
It is clearly seen in Figure 2.5 that the rough surface created using Curve pattern replicates 
the GW idea of rough surfaces in it that it is composed of spherical caps whose heights 
follow a certain distribution.  
 
If we consider the parameters of the GW model that are being used in this model of rough 
surfaces, it is only the standard deviation of asperity heights and the asperity radius of 
curvature that we use to generate the model. The third parameter of the GW model is 
density of asperities.  
 
To incorporate asperity density into our model, we need to be able to model asperities over 
an area rather than along a single row. Only then can we reverse calculate density of 
asperities from our model and verify that one leads to the other and vice versa.  
 
2.4 Creation of asperities distributed over an area 
Now that it was necessary to use the asperity density parameter specified in the GW model 
to create a model having asperities distributed over an area, the question of how to convert 
density into spacing between asperities came up. The answer to this question was arrived at 
by using the assumption that asperities are spaced at equal intervals in a grid like 
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arrangement on a surface. The grid spacing would depend on the density of asperities. 
Given the density of asperities η (in units of number of asperities N per square length unit 
e.g., N/µm
2
) for a surface, with the grid-assumption in mind, one can understand that the 
number of asperities along a single unit of length would be η . This idea that the number 
of asperities per unit length is η implies that the spacing between asperities along the line 
would be1/ η . The spacing between asperities is referred by the letter ‘d’ in this thesis. 
 
Having arrived at the spacing between asperities, the next challenge was to find a way to 
position asperities in a grid such that the spacing between them is dictated by the density of 
asperities η and their heights follow a Gaussian distribution. The steps involved in creating 
an areal distribution of asperities as suggested above are indicated in Figure 2.6 as a 
flowchart. It is followed by a description of the process with special attention to the 
modeling “tricks” that enable us to create the model easily. 
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Figure 2.6: Flowchart showing multi-asperity model creation procedure 
Calculate the spacing between adjacent 
asperities as η for the surface you are 
trying to model 
Generate N asperity heights that follow a 
Gaussian distribution having mean 0 and 
standard deviation σ 
Check for any creation failures due to 
feature intersection in Pro-Engineer
TM
 
Using asperity spacing and height 
distribution, create a file having asperity 
number and x,y,z coordinates of asperities 
and store it as a .ptb* file 
1 
Create a single sphere having radius R equal 
to the radius of curvature of asperities 
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Figure 2.6 (cont.) 
 
* ptb ≡ pro-table format, a format used for importing a table into Pro-Engineer
TM
 
**iges ≡ Initial Graphics Exchange Specification, a format used to share files between 
different solid modeling software 
Pattern the spheres using Table pattern. The 
references used for sphere creation can be 
used as table columns. Their values can be 
varied to create the pattern. 
Are there any part 
intersection failures? 
No 
Yes 
Create copies of original asperity and move 
them to the appropriate position where an 
asperity creation failed 
Trim the model so that nominal contact area 
An=N/η. Save model in .iges** format 
Import model into Abaqus
TM
 CAE, mesh it, 
assign materials and boundary conditions, 
request required output and execute the FE 
analysis 
1 
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In the first step, N asperity heights that follow a Gaussian distribution are generated using 
the “normrnd()” function in MATLAB
TM
 as mentioned earlier. The distribution can be 
verified by plotting a histogram and checking the error in mean and standard deviation of  
the generated discrete heights with the desired mean and standard deviation. The heights 
are then sorted out depending on the level of interaction effects we are trying to observe 
among asperities. In our case, we wanted to see the maximum possible interaction among 
asperities and hence the asperity positions were decided in such a way that the tallest 
asperity would be at the center of the grid. The asperities surrounding it would be the next 
set of tall asperities and so on, so that maximum interaction would be felt by the tall 
asperities that carry most of the load. The coordinates of asperity centers are thus decided 
and saved as a file with .ptb extension. PTB files are Pro-Table files that are used by Pro-
Engineer
TM
 to read tables into its interface. A point to be noted here is that for a limited 
number of asperities, asperity positions decide interaction effects but as the number of 
asperities increases to a statistically relevant number, the positions of asperities will not 
cause a significant change in the interaction effect felt by the other asperities. 
 
Next, using Pro-Engineer
TM
, a single sphere having radius equal to the radius of curvature 
of asperities is created. The creation of this asperity is done in such a manner as to 
facilitate further patterning of it using Table pattern. Pattern is an option in Pro-Engineer
TM
 
that allows the creation of repeated copies of a feature with varying reference parameters. 
So, we need to create the sphere in such a way that it references dimensions in x,y and z 
directions so as to allow patterning in these directions.  
 
The sphere is created using the Revolve option specifically with Internal Sketch definition. 
The internal sketch is defined on a datum plane that is created after evoking the revolve 
option. This way, the datum plane becomes a reference for the sketch and hence can be 
used for patterning. In our case, the datum plane is defined to be at an offset distance from 
the “TOP” plane as we chose the height dimension of asperities to be along the y direction. 
When a quarter circle is being sketched for the revolve operation, its two edges at right 
angles to each other are offset from the datum planes used as reference in the sketch. This 
way, the x and z dimensions for the asperity can be patterned as they are referenced as the 
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distance from the two reference planes in the sketch definition. A center line is created 
along the vertical edge among the two edges mentioned above. With the center line 
highlighted, the sketch definition is completed so that the revolve option is carried out 
about the centerline. The sketch is shown in Figure 2.7. 
 
 
Figure 2.7: Sketch of quarter circle used for asperity creation 
 
Once the revolve option is executed, the asperity can be opened in the part tree on the left 
of the screen. This will indicate that the datum plane is referenced by the sketch and hence 
can be used as a dimension for patterning. The revolve feature should have both the 
internally defined sketch and the datum as part of its definition on the part tree as shown in 
Figure 2.8. 
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Figure 2.8: Revolve option showing both sketch and datum as part of its definition 
 
The sphere is now patterned using the Edit > Pattern option. The table pattern is selected as 
the type of pattern and the table created earlier with coordinates of asperities is read in. 
When this table is applied, one can see black circles indicating the positions where 
asperities will be created. If these positions form a grid-like pattern, the table pattern is 
accepted. Pro-Engineer
TM
 sometimes has problems with feature intersections even when 
pattern option is set to general. When this happens, it is best to undo changes and to create 
moved copies of the original sphere at places where pattern generation failed. This can be 
done using the Edit > Copy and Edit > Paste Special menu options. Using this option, 
translations in the three coordinate directions can be specified for the asperity. Now, the 
pattern can be redone with failed asperities removed from the pattern table. The created 
pattern looks like the sample shown in Figure 2.9: 
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Figure 2.9: Asperities created using Table Pattern in ProEngineer
TM
 
 
The asperities on the 4 corners and along the 4 edges occupy more space than that 
occupied by the other asperities. In order to avoid this, the edges of the part are cut so as to 
ensure that all asperities occupy roughly the same area. Also, the sharp edges between 
asperities could potentially lead to convergence issues in FE analysis. So, we round the 
edges using a circular rolling ball rounding feature available in ProEngineer
TM
. The radius 
of the round is chosen to be generally equal to one-fifth the radius of the asperity. 
However, it was found that this round radius worked well only when the spacing between 
asperities was more than or equal to half the radius of curvature of asperities. For values of 
spacing smaller than half of asperity radius, the round radius was decreased to a smaller 
value of ~one-seventh the radius of the asperity. Specifically, the round radius was chosen 
to be less or equal to one-fifth spacing between asperities. If the original round radius of 
one-fifth of asperity radius of curvature is used for very small asperity spacing (<0.5*R), 
the size of the round feature and the size of the asperities becomes comparable. This could 
lead to erroneous results using FEA as the round feature might itself act like a valley 
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artifact on the geometry. The edges of the part are also rounded so as to avoid sharp 
features along edges. The round radius for this case is chosen to be 5-10% of the asperity 
radius of curvature. This round feature cannot have a very high radius as it would then 
envelope asperities along the edges of the multi-asperity model. An example of a multi-
asperity geometry created as described above is shown in Figure 2.10, which models a 
GW-type rough surface. 
 
 
Figure 2.10: Multi-asperity geometry created with asperity spacing =0.5*R 
 
Using many multi-asperity models created using the procedure described in the latter half 
of this chapter, finite element simulations were conducted. The details of simulations and 
results are described in Chapters 4 and 5. 
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  CHAPTER 3 
THREE-ASPERITY COMPUTATIONAL MODELS 
 
3.1 Introduction 
This chapter describes in detail the results of various three-asperity models that were used 
to study asperity interaction. The first part of the chapter describes the model setup and the 
parameters that were varied in this study, along with details about the interaction model 
used for comparison with FEA results. The latter part of the chapter deals with results and 
discusses the inferences drawn from them. This simple three-asperity model provides 
insight that will be helpful in developing a multi-asperity model. 
 
3.2 Model definition 
3.2.1 Geometry details 
The idea of studying asperity interaction using three-asperity models was developed by 
Escobar Nunez and Lee (graduate students in Prof. Polycarpou’s research group) in 2009. 
Though their work was preliminary, the idea had taken root and was used in this work as a 
starting point for studying asperity interaction. The three-asperity model consisted of three 
caps of hemispheres that were positioned on top of a cuboidal substrate in such a manner 
that their heights from the substrate level satisfied specific ratios. All three hemispherical 
caps had the same radius of curvature and the spacing between any two caps was held 
constant. An illustrative generic example of the three-asperity model is shown in Figure 
3.1. 
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Figure 3.1: Isometric view of a three asperity model 
 
 
Figure 3.2: XY plane view of a three asperity model 
 
As described earlier, the radius of asperities (R) and spacing d (shown in Figure 3.2) were 
kept constant in all models having three-asperities. The ratio of h1 to h2 was varied. Two of 
the three asperities were of the same height and the third asperity would be shorter or taller 
in each case. Also, the positions of the asperities were varied. Thus, in some cases, the 
tallest asperity would be at the end along the row of three asperities and in other cases, the 
h1 
h2 h2 
   d   d 
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tallest asperity would be in the center. This study was carried out to examine the effect of 
asperity positions. However, the effect of position is likely to be significant only when the 
asperities are fewer than the required number for statistical relevance. The results of the 
asperity interaction model used in this work did not differ significantly because we took 
into account the exact positions of the three asperities. Once the number of asperities is 
sufficiently high to have a statistical distribution of their heights, the effect of position is 
expected to diminish to a negligible value. The different cases that were simulated and the 
parameters used for the simulation are described below: 
 
Serial 
number 
Radius of 
curvature R (µm) 
Space between 
asperities 
 ‘d’ (µm) 
Height ratio of 
tallest to shortest 
asperity  
h1/h2 
Asperity 
position 
notation (**) 
1 21.7 1.542 9:2 S-T-S 
2 21.7 1.542 9:2 S-S-T 
3 21.7 1.542 9:5 S-T-S 
4 21.7 1.542 9:5 S-S-T 
5 21.7 1.542 9:7 S-S-T 
6 21.7 1.542 9:7 S-T-S 
7 21.7 1.542 9:7 T-S-T 
Table 3.1: Parameters used for the three-asperity model definition.  
** - S refers to short and T refers to tall asperity 
 
All the models used for the three-asperity study were created using Abaqus
TM
 CAE by a 
painstaking trial-and-error process to make sure the space between asperities is the same in 
all cases. To do this, the asperity base radius was calculated using the following simple 
derivation: 
Consider an asperity (hemispherical cap) having radius of curvature R and height h above 
the substrate. The illustration in Figure 3.3 indicates that the asperity base radius rb can be 
calculated by manipulating the Pythagorean theorem.  
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Figure 3.3: Illustration for calculation of asperity base radius 
 
Using Pythagorean theorem on triangle OAB, we arrived at the following simple relation 
between h and rb.  
 
( )22 22br R R h hR h= − − = −    (3.1) 
 
Using this relation, we were able to calculate the asperity base radius rb. Adding the 
desired spacing between asperities (‘d’) to the rb values of two adjacent asperities, we 
obtain the center-to-center spacing between the two adjacent asperities. This way, asperity 
positions were decided. The positioning of asperities was then done by creating dependent 
instances of the same part in an assembly in Abaqus
TM 
CAE. However, using solid 
modeling software like Pro-Engineer
TM
, a simple geometry like this could be created faster 
and in a more accurate manner (as described in Chapter 2). 
 
3.2.2 Mesh details 
Once each model’s geometry was created, it was meshed using the automatic meshing tool 
built into Abaqus
TM
 CAE. Since automatic meshing was used, all elements were 
tetrahedral elements referred to as C3D4 in Abaqus
TM
. Biased mesh seeding was done 
h rb 
R 
O 
A 
B 
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along all the asperity tips so that contact regions would have no convergence problems. 
The average element size at the contact region was 0.5 µm. The average element size in the 
body of the model was 3.6 µm. In Abaqus
TM
, unlike other commercial FEA packages like 
ANSYS
TM
, contact elements are not defined by the user. They are automatically created by 
the software at regions of contact. The software recognizes contact regions by the “contact 
interaction” defined in Abaqus
TM 
CAE while creating the model. Details about the number 
of contact elements can be obtained from the .dat file that is created in the work directory 
after the model datacheck operation is complete. For contact definition in all cases, “hard 
contact” formulation was used with “small” sliding. Separation was allowed after contact, 
in the formulation. “Hard” contact is the default contact property model in Abaqus
TM
 
Standard. The three important features of “hard” contact are listed below 
[43] 
: 
• there is no contact pressure transmitted between the two surfaces unless a node in 
the slave surface makes contact with a node in the master surface 
• there is no contact penetration between nodes at each constraint location 
• there is no upper bound on the magnitude of contact pressure 
This formulation works well for contact models with no damping taken into account. 
“Small sliding” formulation 
[44]
 between surfaces implies that the group of nodes that are 
involved in contact formulation do not change over the course of the simulation, though 
their contact status may vary during the simulation. 
 
3.2.3 Boundary conditions 
The entire finite element analysis was done using Abaqus
TM 
 Standard as a General static 
analysis. This is because we do not have any impact or velocity associated with normal 
contact that we would like to capture. Therefore the contact can be idealized as quasi-static 
contact. The initial load step is always part of any Abaqus
TM 
 analysis and is the step where 
boundary conditions for model setup are defined. The second step is a user-defined step 
where a displacement load is specified on the rigid flat. 
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Figure 3.4: Boundary conditions. Red shaded side (XY plane) is symmetry side. 
 
Symmetry modeling was used for the study of three-asperity models as all of them 
involved asperities along a single row only. So, the plane bisecting the asperities could be 
used as a symmetry plane as shown in Figure 3.4. Therefore, the first boundary condition 
was a symmetry boundary condition on the XY face of the model. The correct symmetry 
was specified based on the normal to the face. For instance, in our case, the normal to the 
symmetry face was Z-axis and so the symmetry we used was ZSYMM (corresponds to 
U3=UR1=UR2=0. Here 1,2,3 refer to X,Y,Z directions respectively). The next boundary 
condition was the Encastre boundary condition used on the base of the model. Encastre 
boundary condition fixes the body in all six degrees of freedom. This boundary condition 
was specified so that the model would remain fixed and not undergo any rigid body 
motion. Another boundary condition was to make sure that the rigid flat is fixed in all 
directions except displacement in the contact direction (y-axis in our case). This is essential 
in order to prevent any free rotation of the rigid flat and therefore any convergence 
problems due to insufficient constraints.  
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3.3 Asperity interaction models 
The asperity interaction model used in this study considers the “asperity interaction effect” 
due to substrate deformation. It uses the displacement field due to each asperity contact to 
describe substrate deformation. Hence, the Hertzian displacement field is first discussed. 
 
3.3.1 Hertzian pressure and associated displacement field 
It is well known in the literature that the pressure on the circular contact area of a sphere 
with another sphere is a Hertzian pressure profile of the form 
 
2
0 2
1
r
p p
a
 
= − 
 
     (3.2) 
where 
 p0 is the maximum pressure at the center of contact 
r is the radial distance from the center of contact 
a is the contact radius (radius of the circular contact area) 
 
Johnson 
[12]
 considered the case of Hertzian pressure acting on a circular area of a semi 
infinite elastic half space and the displacement field produced by such a pressure profile. 
The displacement profile of any point on the surface (outside the contact area) due to a 
Hertzian pressure acting on a circular region of a semi-infinite elastic half space is given 
by Equation 3.42a of Johnson
[12]
. This equation is reproduced below: 
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where, 
 a is the contact radius 
 r is the distance of a point on the surface from the center of the contact area 
 ν is Poisson’s ratio 
 E is the Young’s modulus of the material under consideration 
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The Hertzian relation for p0 in terms of a and a in terms of W and ω are given by 
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( ) ( )( ) 12 21 1 2 2* 1 1E E Eν ν
−
= − + −     (3.6)  
where 
E
*
 is the combined Young’s modulus of the two materials under contact. 
ω is the interference. 
Using Equation 3.4 and 3.5, we get 
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In turn, we can now rewrite equation 3.3 as  
 
( ) ( ) ( ) ( ){ }1 22 2 1 2 2 21 2 sin 1 ,zu a r a r r a r a r r a
Rπ
−= − + − >   (3.8) 
 
In Equation 3.8, it should be noted that contact radius a, asperity radius R and radial 
distance r are the only parameters required to calculate the displacement at a point outside 
the Hertzian contact. Thus, this equation is one that can be implemented effectively into a 
simple program to calculate displacements at any point (outside the contact patch) due to 
Hertzian pressure.  
 
Displacement inside the circular area where Hertzian pressure is applied is given by 
Equation 3.9. 
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Thus, the complete displacement profile due to Hertzian pressure acting on a circular 
contact area is shown in Figure 3.5: 
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Figure 3.5: Displacement profile due to Hertzian pressure on a circular area 
 
 
3.3.2 Asperity interaction model 
The asperity interaction model used was one in which it was assumed that interaction 
between asperities was due to deformation of the substrate under each hemispherical cap. 
A similar idea was used by other researchers in the past. Ciavarella et al. 
[13]
 used the 
formulation of displacement field caused due to Hertzian pressure field to account for 
substrate deformation. Iida and Ono 
[11]
 used the displacement field caused due to a point 
load on an elastic half space to account for substrate deformation. Yeo et al. 
[15]
 used a 
model similar to Ciavarella et al. to calculate substrate deformation but calculated the force 
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at each asperity using two stiffnesses in series- stiffness of the substrate and stiffness of the 
asperity. Their model was effective for surfaces which had a hard coating on a soft 
substrate.  
In this thesis, the interaction model used for comparison is the one used by Ciavarella et al. 
[13]
. Their model seemed to be the most appropriate for comparison as the model used by 
Iida and Ono made the assumption that the asperity contact load is equivalent to having a 
point load on an elastic half space. Though the displacement field outside the contact patch 
is very similar in both cases as shown in Figure 3.6, the model used by Ciavarella et al. 
was used to calculate the displacement field for the interaction model used in this thesis. 
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Figure 3.6: Normalized displacement fields used by Ciavarella et al. 
[13]
 and Iida and 
Ono
[11] 
 
The implicit assumption in the Ciavarella et al. model that was used in this thesis was that 
the Hertzian pressure on top of the substrate is transferred to the substrate as shown in 
Figure 3.7. This assumption was made because of the small height of each asperity above 
the substrate and hence the pressure profile on the substrate was assumed to be the same as 
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that on the asperity surface above it. This study dealt with only purely elastic materials as 
these would be simple models where effects of plasticity would not detract from the 
problem under consideration.  
 
 
Figure 3.7: Hertzian contact pressure transferred from asperity to substrate 
 
In our asperity interaction model, we used Equation 3.8 to calculate the substrate 
deformation and hence the tip displacement of neighboring asperities of a contacting 
asperity. It was assumed that the substrate deformation would be equal to asperity tip 
deformation and hence there will be a lowering of neighboring asperities when a given 
asperity makes contact. This lowering of asperities would lead to a lower load for a given 
interference or more interference for a given load than predicted by the GW model. The 
exact implementation of the asperity interaction effects that we considered in our model 
are described below. 
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Input:  
The input parameters include the Young’s modulus E
*
, Poisson’s ratio ν, Yield strength σy, 
Hardness H (which can be obtained from yield strength), radius of asperity R, asperity 
heights di, and asperity positions. 
 
Procedure: 
The idea of asperity interaction primarily involves the displacement of asperity tips from 
their original position even before they make contact. This is due to the displacement field 
of neighboring contacting asperities. The displacement field has a significant effect in 
lowering asperity heights especially when the spacing between a contacting asperity and a 
given asperity is very small. This is evident from Figure 3.9 where the displacement of 
asperities due to contacting asperities is shown. This change from rigid body motion of 
asperities (as formulated in the GW model) is what was captured using the asperity 
interaction model.   
 
To obtain the equilibrated position of asperities after each interference step is an iterative 
process as each contacting asperity’s displacement field influences every other asperity in 
the body. The exact procedure is described in the steps that follow: 
 
 
Figure 3.8: GW-type interference on asperities 
 
1. To start the iterative process, we first assumed a GW-type of behavior of asperities 
(namely no interaction at all). So, the interference at each asperity was assumed to 
be equal to the penetration di at each asperity as shown in Figure 3.8. The 
corresponding load at each asperity was calculated as the Hertzian load for the 
    d1 
d2 
d3 
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penetration. This approach is exactly the same as the GW approach implemented in 
a discrete manner rather than statistical, due to the relatively small number of 
asperities in question. 
2. The contact radius at each asperity was calculated using the Hertzian formulation 
for contact radius for a given interference using the second part of Equation 3.5. 
3. Next, the displacement field outside the contact region of each contacting asperity 
was calculated using Equation 3.8.  
4. The total displacement at each asperity position due to the displacement fields of 
contacting asperities superposed on each other was calculated. This is the critical 
step as this is where “interaction effects” due to substrate deformation are included 
in the model. 
5. The height of each asperity now gets reduced due to the interaction effects from the 
other contacting asperities. Hence, the new height is computed. 
6. Using the new height of the asperity, a new interference is obtained at each asperity 
as shown schematically in Figure 3.9. This adjusted interference is lower than the 
GW interference that was assumed as the starting point of iterations. The new 
interference calculation is done by keeping the position of the rigid flat constant but 
changing only heights of asperities according to the displacement fields of 
contacting asperities. 
 
 
Figure 3.9: Schematic representation of adjusted interferences of asperities after 
interaction effects 
 
7. Using the adjusted interference at each asperity, a new contact load at each asperity 
is calculated.  
    New d1     New d2     New d3 
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8. As the contact load computed in step 7 is smaller than the GW contact load 
computed in step 1, the displacement field due to each contacting asperity becomes 
smaller in magnitude than the previously computed displacement field.  
9. Therefore, the decrease in height of asperities becomes smaller than the value 
computed earlier in step 5. Now, the decrease in height of asperities from their 
original heights is calculated and asperity heights updated accordingly.  
10. The entire process is now repeated from step 6 onward.  
11. The iterative procedure continues till the change in contact load from one step to 
the next is less than a certain specified tolerance. The tolerance we generally used 
was between 0.01-10
-4 
%.  Thus, the interference and contact load results obtained 
in the last iteration are the converged contact results for the specified interference. 
 
As specified in Step 1, the GW load for each value of interference is calculated as a 
discrete sum of asperity loads with no interaction between asperities.  
 
3.4 Results 
All results are presented according to the positions of asperities given in Table 3.1. A 
representative geometry of each case is also shown. In each case, the normalized load vs 
normalized interference plots are presented first. The load normalization is by GW load 
(discrete) for the same interference. The interference normalization is by height difference 
between the tallest and shortest asperity in each case. Since we dealt with only two heights 
of asperities in each case, this parameter indicates that at a normalized interference of 1, 
the interference is equal to the difference in height between the taller asperity and the other 
two asperities. So, at normalized interference of 1, all three asperities should be in contact 
according to the GW theory. We would also like to point out that a value of 1 for the 
normalized load would mean that GW model is replicated. The deviation from the model is 
shown by the normalized load deviation from 1 in each case. The relevance of this is also 
discussed. 
 
(Note: In all cases, the asperity order is indicated in terms of S and T. ‘S’ stands for short 
and ‘T’ for tall as described in § 3.2.1) 
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All asperity models are exactly the same geometry as discussed in § 3.2.1 and shown in 
Figure 3.1. Therefore, only the XY view is shown in each case below. 
 
i. Case 1: (Ratio of heights = 9:2, Asperity order = S-T-S) 
 
Figure 3.10: Representative asperity model with height ratio = 9:2,  
Asperity order S-T-S 
 
S S 
T 
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Figure 3.11: Normalized load-interference plot for case 1 
 
ii. Case 2: (Ratio of heights = 9:2, Asperity order = S-S-T) 
 
Figure 3.12: Representative asperity model with height ratio = 9:2,  
Asperity order S-S-T 
S S 
T 
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Figure 3.13: Normalized load-interference plot for case 2 
 
In case 1 and case 2, the agreement between FEA and asperity interaction model is 
very good. The initial scatter of normalized load is likely to be because the mesh was 
not extremely fine and hence contact convergence may not have been reached with 
only a few nodes in contact for very small interferences. 
Not much interaction effect can be seen in this case because for most part of the 
simulation, only the tallest asperity came into contact. This is evident from Figure 3.11 
and Figure 3.13, where the normalized interference only slightly exceeds 1 at the 
maximum interference used in the simulation. So, the load-interference curve was 
almost entirely dominated by the behavior of the tallest asperity. Once the normalized 
interference exceeds 1, interaction effects can be observed as the load-interference 
curve deviates from 1. The interaction effect is captured well by both FEA and 
Ciavarella et al. model. 
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iii. Case 3: (Ratio of heights = 9:5, Asperity order = S-T-S) 
 
 
Figure 3.14: Representative asperity model with height ratio = 9:5,  
Asperity order S-T-S 
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T 
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Figure 3.15: Normalized load-interference plot for case 3 
 
iv. Case 4: (Ratio of heights = 9:5, Asperity order = S-S-T) 
 
 
Figure 3.16: Representative asperity model with height ratio = 9:5,  
Asperity order S-S-T 
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Figure 3.17: Normalized load-interference plot for case 4 
 
In cases 3 and 4, asperity heights were in the ratio 9:5. Therefore, interaction effects were 
more pronounced that in cases 1 and 2 as the shorter asperities came into contact about half 
way into the simulation as seen in Figure 3.17. At low interferences, errors in the FEA 
models are high due to contact initiation and stabilization. It is clearly seen in Figures 3.15 
and 3.17 that as interference increases, interaction effects become more pronounced. It is 
also observed that the model does not seem to compare as well as cases 1 and 2 with FEA 
results. But it must be noted that the normalized interference in this case is more than that 
in cases 1 and 2. Also, it is worthwhile to point out that the interaction model captures the 
trend in FEA results quite well with a difference of less than 10%.  
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v. Case 5: (Ratio of heights = 9:7, Asperity order = S-T-S) 
 
Figure 3.18: Representative asperity model with height ratio = 9:7,  
Asperity order S-T-S 
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Figure 3.19: Normalized load-interference plot for case 5 
 
S S T 
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In this case, two different FEA meshes were used. The “coarse” mesh consisted of 0.5 µm 
sized elements with linear interpolation. The “fine” mesh consisted of elements of size 21 
nm near contact to 210 nm at the edge of the asperity. These elements were C3D10 
elements- quadratic interpolation elements with modified formulation. However, with both 
meshes, we observe a similar trend when compared to the interaction model. The 
difference between the loads obtained from the two meshes was less than 5% as seen in 
Figure 3.19. The important point to note here is that the finer mesh with quadratic 
interpolation gives good agreement with the GW model for single asperity contact i.e. up 
to normalized interference =1 whereas the coarse mesh does not have good contact 
convergence with few nodes in contact. 
 
Stress fields at different stages of contact are presented for case 5 in Figures 3.20, 3.22 and 
3.24. The corresponding normal displacement contours for each case are presented in 
Figures 3.21, 3.23 and 3.25 for better understanding of the simulations. 
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Figure 3.20: Von-Mises stress for normalized interference = 1.92, case 5.  
Units of stress = GPa 
 
Figure 3.21: Normal displacement U2 for normalized interference=1.92, case 5. 
Units of displacement = µm 
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Figure 3.22: Von-Mises stress for normalized interference = 2.75, case 5. Units of 
stress = GPa 
 
Figure 3.23: Normal displacement U2 for normalized displacement = 2.75, case 5.  
Units of displacement = µm 
 
 50 
 
Figure 3.24: Von-Mises stress for normalized interference = 4.32, case 5. 
Units of stress = GPa 
 
 
Figure 3.25: Normal displacement U2 for normalized displacement = 4.32, case 5. 
Units of displacement = µm 
 51 
From the stress contours, it is clear that asperities act individually as Hertzian contacts at 
lower interferences but as interference increases, their stress fields begin to interact and do 
not remain isolated from each other.  
 
vi. Case 6: (Ratio of heights = 9:7, Asperity order = S-S-T) 
 
 
Figure 3.26: Representative asperity model with height ratio = 9:7,  
Asperity order S-S-T 
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Figure 3.27: Normalized load-interference plot for case 6 
 
vii. Case 7: (Ratio of heights = 9:7, Asperity order = T-S-T) 
 
 
Figure 3.28: Representative asperity model with height ratio = 9:7,  
Asperity order T-S-T 
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Figure 3.29: Normalized load-interference plot for case 7 
  
In cases 5 and 6, it is clear that up to normalized interference =1, there is only one 
asperity in contact and hence the interaction model predicts Hertzian load for a single 
asperity as does the GW model. Hence the normalized load value is 1 for normalized 
interference ≤ 1. However, in case 7, we have two asperities which are tall and a short 
asperity between them. So, even before normalized interference of 1, interaction effects 
begin to be observed. The normalized load, according to the interaction model, 
becomes less than 1 because each of the two tall asperities causes the other asperity to 
move downward due to its displacement field. So, lower load is required to cause the 
same interference as some of the interference comes from interaction effects.  
 
3.5. Summary 
A broad conclusion from all three-asperity FEA models presented in this chapter 
clearly indicates that the proposed interaction model compares well to FEA results with 
less than 10% variation in most cases. This led us to conclude that asperity interaction 
 54 
effects can be largely accounted for by substrate deformation. However, we realized 
that this may not be the case for all surfaces when we simulated multi-asperity contact 
with more asperities and different parameters defining asperity density. A discussion of 
the merits and limitations of the interaction model is presented with more complex 
model simulations in the next chapter.   
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CHAPTER 4 
MULTI-ASPERITY CONTACT MODELS 
 
This chapter describes multi-asperity contact models in detail. § 4.1 consists of a 
description of geometry used for multi-asperity contact simulations. § 4.2 provides 
information about the parameters used to set up the finite element model. § 4.3 elaborates 
on the asperity interaction model that we used for comparison with FEA results. Results of 
finite element simulations are presented and discussed in Chapter 5.  
 
4.1 Geometry details 
In this section, we present details of the geometry used for different finite element 
simulations that were used to develop a better understanding of asperity interaction effects. 
The multi-asperity models used in this study consisted of 25 asperities placed over an area 
such that the spacing between adjacent asperities was equal in two perpendicular directions 
taken as the coordinate directions. The creation of multi-asperity models has been 
described in detail in § 2.4. So, after a brief introduction to the geometry of the models 
used, we proceed to provide details of the finite element model.  
 
The roughness parameters used for all simulated surfaces are listed in Table 4.1. 
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 Parameters used in 
FEA models 
Measured 
parameters from Yu 
and Polycarpou 
[36] 
Percentage 
difference 
Mean, µ 0.13 nm 0 N.A (division by 
zero) 
Standard 
deviation, σ 
12.06 nm 10 nm 20.6 % 
Radius of 
curvature of 
asperities, R 
1 µm 1 µm 0 % 
Table 4.1: Rough surface parameters 
 
The roughness parameters in Table 4.1 were chosen because they correspond to realistic 
roughness parameters for MEMS surfaces according to Table 2 in a paper by Yu and 
Polycarpou 
[36]
. The mean of asperity heights and standard deviation are not exact values 
obtained from MEMS surfaces but broadly represent most MEMS surfaces. 
 
A Gaussian fit of the distribution of asperity heights was done using the Statistics Toolbox 
> Distribution fitting tool in MATLAB
TM
. The fit obtained is shown in Figure 4.1. The y-
axis presents asperity density as a percentage of total number of asperities. 
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  Figure 4.1: Gaussian fit of 25 asperity heights   
 
The parameters of the Gaussian fit are:  
Mean = 0.13 nm, Standard error = 2.4 nm 
Standard deviation = 12.06 nm, Standard error = 1.76 nm 
As indicated by Figure 4.2, such high standard errors clearly show that the number of 
asperity heights is not statistically relevant. Hence statistical summation is not used while 
calculating the GW load for comparison with FEA results in Chapter 5. Instead, a discrete 
summation of loads on asperity tips is used. 
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Figure 4.2: Histogram of 25 asperity heights with a bin size of 0.001 µm 
 
It is to be noted that the σ/R ratio for all simulations was held constant at 0.012. Though it 
may not be practical to have the same σ/R and different asperity density η for practical 
rough surfaces, such a constraint was used in order to better understand asperity interaction 
mechanics by varying only one parameter i.e., asperity density. This way, effects of 
multiple varying factors would not cause wrong inferences to be drawn from results. 
  
The different geometries considered for this study had one varying parameter: the asperity 
density. This parameter was varied by varying spacing ‘d’ between adjacent asperities. The 
exact mathematical procedure of obtaining asperity spacing from density was described in 
§ 2.4. The different values of d/R that were used in this study are listed in Table 4.2 
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Equivalent asperity density η 
(in µm
-2
) 
Serial Number d/R ratio 
Ideal value 
From model setup  
Actual value  
from geometry 
1 0.2 25 17.36 
2 0.35 8.16 6.58 
3 0.5 4 3.43 
4 0.7 2.04 1.826 
5 0.9 1.24 1.18 
6 1.5 0.44 0.33 
Table 4.2: d/R ratios for simulated multi-asperity models 
 
There are two different values corresponding to each d/R ratio in the table above because 
one value is calculated from asperity spacing and the other is actually measured in the 
model geometry. There is a difference between these values because the actual geometry 
has additional area than the ideal geometry. Asperities on the edges of the “grid” on which 
asperities are placed are at a disadvantage in terms of area occupied by them as rounding 
features would take up a sizeable portion of their area. “Round” features are introduced at 
the edges of the model to enable faster convergence and hence it seemed a bad idea to do 
away with them entirely. In order to avoid this, the size of the grid was increased. Figures 
4.3 and 4.4 explain this idea in a pictorial fashion. Figure 4.3 shows clearly that the area 
occupied by asperities at the edges would be less than that occupied by asperities away 
from edges. Figure 4.4 shows a more equal distribution of areas due to enlarged grid to 
account for “round” areas. However, one must remember that even after these 
modifications to the grid, all asperities do not occupy the same area as taller asperities take 
up some portion of the area of the shorter neighboring asperities. This is an effect that 
could not be avoided while using asperities of varying heights, as the GW model dictates. 
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Figure 4.3: Ideal asperity position grid.  
Dotted lines show area taken up by round features   
 
 
Figure 4.4: Enlarged grid with dotted lines showing area taken up  
by “round” features 
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4.2 Finite Element model details 
This section describes the parameters used in each module of Abaqus
TM 
CAE for the 
simulations. The user can switch between different modules in Abaqus
TM
 CAE by using 
the Module drop down box at the top of the screen (just below toolbars) or use the Model 
tree at the left of the user interface. The Model tree is shown in Figure 4.5. It is to be noted 
that Mesh module is available only in the drop down module dialog box. 
 
4.2.1 Part module 
Two parts were used for each simulation. One was the rough surface created using Pro-
Engineer
TM 
and the other was a rigid flat. The geometry created in Pro-Engineer
TM
 was 
imported as a part into Abaqus
TM 
using the IGES file format. IGES stands for Initial 
Graphics Exchange Specification. This is a commonly used file format for export and 
import of geometry between solid modeling software. The rigid flat was created as an 
analytical rigid feature in Abaqus
TM
. This rigid flat was used for normal contact with the 
rough surface in the finite element analysis. 
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Figure 4.5: Different modules in Abaqus
TM
 CAE 
 
4.2.2 Material assignment 
 Appropriate material assignment for the geometry was done in Abaqus
TM
. In our case, the 
material properties used were those of silicon-di-oxide as it is a common material on 
MEMS surfaces. However, it is to be noted that material variations are not expected to 
cause any changes in the trend of results as we normalize all load results with GW load for 
the same material.  
 
 63 
Material properties of Silicon-di-oxide are : 
Elastic properties: Young’s modulus- 70 GPa 
[37]
, Poission’s ratio- 0.2  
Plastic properties: Perfectly plastic material. Hardness- 9.6 GPa 
[37] 
(which is equivalent to 
a yield strength of 3.43 GPa using Hardness ≈ 2.8*σy) 
 
The exact value of Poisson’s ratio is specified to be 0.17 for SiO2 thin films in reference 
[38]. However, the value used for FE simulations was 0.2. This is unlikely to have caused 
any error in the results or inferences due to normalization. 
  
4.2.3 Assembly module 
Abaqus
TM
 CAE requires instances of each part to be created in the Assembly module 
before any meshing and simulation can be done with it. An instance of a part is a copy of 
the part to be used in simulation. Instances can be dependent or independent. Dependent 
instances are generally used when multiple copies of the part are used in the simulation. 
Since our simulation involved only a single copy of the rough surface, an independent 
instance of the rough surface was created for use in the simulation. For the rigid flat, a 
dependent instance was used by default but an independent instance could have been used 
instead.  
 
The Assembly module can also be used to define sets and surfaces for use later in the 
simulation. For contact definition, a master surface and a slave surface will be required. So, 
these surfaces were defined in the Assembly module. Also, specific sets were defined for 
regions where mesh size might be different from global mesh size. This makes meshing the 
model simpler, faster and easily modifiable. 
 
4.2.4 Mesh module 
Initially, the mesh size used was ~25 nm near the tip of asperities and ~250 nm for global 
mesh size. Results obtained from those simulations did not compare well with single 
Hertzian contact at small interferences when only a single asperity was in contact. The 
error in this case was as high as 12% for small interferences and this could not give a 
degree of credibility to the results. It was later realized that such high errors at small 
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interferences of a single asperity could have been due to very few nodes within the contact 
patch. At contact initialization, it is necessary to have a bare minimum of 12-15 nodes 
along the contact radius for good contact convergence. So, intense mesh refinement near 
contact was done in our models. The final element size used was 5-10 nm near the contact 
i.e., at asperity tips and a global mesh size of ~250 nm. This produced much more expected 
results at small interferences. More details of this will be discussed in the results section. 
 
Element controls is set to tetrahedral, free meshing. The geometry was significantly 
complex that meshing using brick elements could have led to convergence issues due to 
excessive element distortion. Tetrahedral elements provide better shape definition for 
irregular shapes. The elements used were C3D10M elements. These are continuum 
tetrahedral elements having 10 nodes. A standard tetrahedral element C3D4 has 4 nodes – 
one at each vertex. C3D4 elements are constant stress elements which are very stiff and not 
suitable for contact analysis. C3D10 elements have mid-side nodes on each of their edges, 
in addition to the 4 nodes at their vertices, thus totaling 10 nodes per element. Because of 
10 nodes per element, the shape functions for interpolation within the element are 
quadratic rather than linear as in C3D4 elements. This higher order interpolation was used 
as it is expected to yield better results than C3D4 elements. Also, C3D10M elements use 
modified formulation which is supposed to give better solution in case of contact 
interactions in a physical system 
[39], [40]
. 
 
To obtain very fine mesh near the asperity tips where contact occurs, a significant amount 
of partitioning was done. Each asperity surface was manually divided into 4-6 wedges 
using edge partition techniques and biased seeding along the radii of wedges was done. 
Since the mesh is extremely fine, only the edge seeding of a single asperity is shown in 
Figure 4.6 for better visualization. 
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Figure 4.6: Two different mesh partitions and corresponding meshes 
 
4.2.5 Step module 
The type of analysis used in Abaqus
TM
 was the General Static procedure in Abaqus
TM
 
Standard. This procedure is typically used to simulate quasi-static analysis where time 
independence can be assumed. As the normal contact simulations that we studied did not 
have velocity or any other time dependent effect to take into consideration, a quasi-static 
approach was suitable in our case. Two steps were defined for each simulation. The first 
step- Initial- is a default step that is used by Abaqus
TM
 to define model data like geometry 
and material properties. It can also be used to specify initial boundary conditions if they are 
zero-valued. Apart from the initial default step in Abaqus
TM
 simulations, one additional 
0.2 µm 
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step was defined for the purpose of load application.  Automatic increments were used for 
this step with the maximum, minimum and initial increments specified. The initial 
increment was set to 0.001 or 0.005. This translates to 0.1-0.5% of the entire load. A small 
increment like this was used because the initial few increments will involve contact 
initiation iterations and may not produce force and moment equilibrium convergence if a 
high percentage of load is applied in the load increment. The maximum increment was set 
to 0.1 which is 10% of the load. An applied load of more than 10% of the total load was 
not desired in a given increment for better resolution of the results. The minimum 
increment was set at the default value of 1x10
-5
. Nlgeom parameter was turned on because 
this parameter enables Abaqus
TM
 to use non-linear geometry i.e. large displacement 
analysis in its formulation. By default, the nlgeom parameter is turned off which implies 
that the entire analysis is carried out with the infinitesimal displacement theory. This may 
not be a valid assumption in our case due to the large displacements used in comparison to 
asperity height dimensions, though displacements are small compared to model 
dimensions. 
  
4.2.6 Interaction module 
 
Figure 4.7: Slave surface used in contact definition   
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Contact interactions were modeled as surface-to-surface interactions between a master 
surface and a slave surface with small sliding. Finite sliding formulation was not used as 
sliding contact is not simulated in our models- only normal contact is studied in this work. 
Surface-to-surface contact formulation is used rather than node-to-surface formulation as 
this yields more accurate results for stress and pressure distribution 
[41]
. The master surface 
in our case was taken to be the rigid flat and the slave surface was the asperity surface. 
Whenever a contact interaction involves a rigid surface, the master surface has to be the 
rigid surface 
[42]
. The surfaces required for contact definition are defined in the Assembly 
module instead of selecting each asperity surface again in the Interaction module. The 
interaction property definition was “Hard” contact with separation allowed after contact. 
Contact convergence parameters were not changed from default settings. 
 
Abaqus
TM
 creates its own contact elements during execution and thus increases the number 
of degrees of freedom to be more than the number due to user defined nodes. Hence, it is 
important to include only those surfaces which are likely to make contact in the contact 
definition. Figure 4.7 shows the contact slave surface as defined in one of the simulations. 
One can observe that not all asperities were included in the slave surface definition as 
some asperities were so short that they would certainly not make contact. So, by selecting 
only those surfaces which are likely to make contact, the number of contact elements and 
hence the number of degrees of freedom introduced due to contact can be decreased. This 
process of selection of specific asperities which were alone likely to make contact was 
done manually by comparing heights of asperities with the asperity position chart used to 
position them.  
 
4.2.7 Load module 
To simulate normal contact, the following boundary conditions were enforced in the initial 
analysis step. By default, a boundary condition created in one analysis step propagates to 
future steps unless specified otherwise. The base of the geometry was pinned i.e. 
UX=UY=UZ=0 at the base. The rigid flat that was used to make contact with asperities 
was fixed in all degrees of freedom except translation in the normal (Y) direction. This 
boundary condition was essential as the rigid flat, if not constrained, could move, translate 
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or rotate in directions other than the normal direction. This would cause contact 
convergence failure due to rigid body motion. In the load step, a displacement boundary 
condition was applied on the rigid flat. Displacement control was used because it produces 
better contact convergence than force (load) control. By default, Abaqus
TM
 applies 
displacement load as a linear ramped load. Other loading patterns can be specified but for 
our purpose, ramped loading produced good results.  
 
4.2.8 Field output and History output modules 
History output request produces a data set of the requested variable versus load increment 
at the specified location whereas field output does not explicitly produce such a data set for 
each specified node. So, field and history output are the same except that obtaining history 
output from field output would require manually storing values of the variable at each load 
step, instead of having the data set created by the program.   
 
Output requests were made for each simulation depending on the parameters that had to be 
checked at the end of the simulation. The most essential output request in order to compare 
simulation results with the GW model is the load history output request at the reference 
point of the rigid flat. Rigid body geometry in Abaqus
TM
 is governed by its reference point. 
The reference point can be saved as a set and reaction force (RF) and displacement (U) 
history output requested at the set. The reaction force and displacement at the rigid flat at 
each load increment can be extracted from the output (.odb) file while post processing.  
 
Field output request for Stress (S) and contact parameters like contact displacement 
(CDISP), contact status (CSTATUS) and contact stresses (CSTRESS) were also requested 
for each simulation. This helped us to study pressure profiles at different substrate levels, 
observe contact pressure contours and find the number of nodes in contact for a given load. 
In general, it is a good practice to request only those output variables that will be required 
during post-processing rather than the default pre-defined variables. Using pre-defined 
variables can result in extremely large output files with most output data going to waste. It 
is also good to check whether an output variable is specified for a surface or element so as 
to make sure one gets the output at the desired regions. 
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4.2.9 Job module 
Each Abaqus
TM
 simulation is associated with a job file. So, in order to run a simulation, 
write an input file or perform a datacheck, a job must first be created corresponding to the 
simulation. Default Abaqus
TM
 parameters were used for job definition in all our 
simulations. A description of the job can be given while creating the job. This description 
could come in handy while looking at input files later as the job description is included in 
the beginning of the input file. It is essential to create an input file for the job in order to 
submit it for analysis in an external server system as done in our case. The input file name 
may have restrictions on its length depending on the server system where it is executed. 
So, it is advisable to restrict the file name to 15 characters at most. 
 
Typically, an FE analysis of multi-asperity contact involves a few hundred thousand nodes. 
This translated to 1-3 million degrees of freedom in each simulation. For iterations 
involving such a large number of variables and complex contact conditions where the 
contact area evolves with time, we need extensive computer power to produce results in a 
reasonable amount of time. For this reason, we used the powerful processors available at 
the National Center for Supercomputing Applications (NCSA), Urbana-Champaign, 
Illinois to run our simulations.  
 
Each simulation has certain limits specified for execution. Typical limits in our case were: 
Memory = 30 GB 
Wall time = 16-25 hours 
Number of processors = 12 
Depending on the size of the problem being solved, the time taken for complete execution 
would be between 5-20 hours. 
 
4.3 Asperity interaction model 
The interaction model that we use to compare simulation results with, is the same as the 
model described in § 3.2.4.2 except for slightly different load computation as described in 
this section.  
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The simulations described in Chapter-3 used purely elastic material and hence load 
calculation using Hertz contact model was valid. However, for the more complex multi-
asperity systems that are described in this chapter, the material model used was elastic-
perfectly plastic. So, the load calculation for the GW comparison was done using discrete 
summation of Kogut-Etsion (KE) 
[17]
 loads at each asperity. The KE load-interference 
formulations for an elastic-perfectly plastic sphere are given in equation 4.1, while the KE 
contact area- interference formulations are reproduced in equation 4.2.  
 
*3 2 *
* *1.425 *
*1.263 *
1
1.03 1 6
1.4 6 110
c
P
P
P
ω ω
ω ω
ω ω
 ≤

= = < ≤
 < ≤
   (4.1) 
 
* *
* *1.136 *
*1.146 *
1
0.93 1 6
0.94 6 110
c
A
A
A
ω ω
ω ω
ω ω
 ≤

= = < ≤
 < ≤
   (4.2)  
 
These equations are expressed in terms of normalized load P
*
, normalized contact area A
*
 
and normalized interference ω
*
. The load, contact area and interference are normalized by 
the corresponding critical parameters. Critical load Pc is the Hertzian load at inception of 
plasticity i.e., at critical interference ωc and critical contact area Ac is the Hertzian contact 
area at critical interference ωc. 
 
A graphical comparison of the KE load and Hertzian load is shown in Figure 4.8. A similar 
plot comparing KE contact area and Hertzian contact area is shown in Figure 4.9. From 
these figures, it is clear that the plastic load is much smaller than the Hertzian load and the 
contact-area after inception of plasticity is much higher than the Hertzian contact area, 
especially at high interferences. This is why it is essential to use the KE relations in our 
interaction model when we use elastic-perfectly plastic material behavior. 
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Figure 4.8: Single asperity normalized load-interference comparison  
of KE and Hertzian loads 
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Figure 4.9: Single asperity normalized contact area-interference comparison  
of KE and Hertzian contact areas 
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4.4 Displacement field due to different pressure profiles 
In the analytical interaction model (an extension of the Ciavarella et al.
[13]
 model), the 
displacement field used for each contacting asperity is the field due to elastic contact 
(Hertzian pressure) rather than displacement field due to plastic contact (uniform pressure). 
The reason behind this is elaborated in this section. 
 
It is well-known in the literature that the pressure profile due to Hertzian contact at a 
circular contact area is given by the equation 
 
1
2 2
0 2
1
r
p p
a
 
= − 
 
     (4.3) 
 
Hertzian contact is valid only for elastic contact analysis. However, in the real “world,” 
contact between surfaces is very often elastic-plastic or completely plastic in nature. In the 
case of elastic-plastic contact, the pressure profile at the contact area could vary depending 
on the degree of plasticity. But, the limiting cases of elastic-plastic contact are completely 
elastic or completely plastic contact. The pressure profile in a completely elastic contact is 
described by equation 4.3 whereas the pressure profile in a completely plastic contact is 
given by 
 
0
2
0 0 2
1 constant
r
p p p
a
 
= = − = 
 
     (4.4) 
 
The pressure profiles described by equations 4.3 and 4.4 are shown in Figure 4.10. 
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Figure 4.10: Normalized Hertzian and uniform pressure profiles 
 
The displacement of surface points due to certain axisymmetric pressure profiles are given 
by Johnson in § 3.4 of his book 
[12]
. Specifically, Equations 3.29a and 3.30a in [12] are the 
expressions for normal displacement uz due to uniform pressure acting on a circular area of 
an elastic half space. Equations 3.41a and 3.42a in [12] are equations for uz due to Hertzian 
pressure acting on a circular area of an elastic half space. These expressions are reproduced 
in their original form and then as normalized equations, 4.5 – 4.12. 
 
Displacement uz due to uniform pressure (plastic contact): 
( )24 1
z
pa r
u
E a
ν
π
−  = Ε 
 
    r ≤ a  (4.5) 
2
2
4
1z
r a a a
u
a r r rπ
      = Ε − − Κ     
      
  r > a  (4.6) 
 
Normalized form:  
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Displacement uz due to Hertzian (elastic) pressure:  
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2
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Normalized form: 
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Figure 4.11 shows the comparison of the normalized displacement profiles for the two 
pressure fields shown in Figure 4.10. It is evident from Figure 4.11 that the normal 
displacement due to uniform pressure is higher than that due to Hertzian pressure on a 
circular area. Hence, using the exact expressions for normal displacement due to uniform 
pressure in our interaction model would lead to more interaction effects than that due to 
Hertzian model. In § 5.2, the case is made for not using the displacement profile 
corresponding to uniform pressure, with appropriate discussion of current results. One 
could suggest that it is would be more correct physically to use displacement profile due to 
plastic deformation rather than displacement profile due to elastic deformation because the 
tallest asperity and a few others have interferences more than the critical interference 
imposed on them. However, as discussed in § 5.2, the pressure profile at the substrate level 
could be very different from the pressure profile at the asperity surface. Also, literature 
[17]
 
suggests that in the early stages of elasto-plastic contact when ωc ≤ 6, contact behavior 
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might be closer to elastic than plastic contact. So, the interaction model used in this work 
did not use plastic deformation field for substrate deformation beneath a contacting 
asperity. 
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Figure 4.11: Normalized displacement profile comparison  
for uniform pressure and Hertzian pressure 
 
 
4.5 Summary 
In Chapter 4, various details of geometry, finite element model and analytical asperity 
interaction model (model by Ciavarella et al. 
[13]
 and its extension proposed in this work) 
have been discussed thoroughly. This chapter therefore laid the groundwork for discussion 
of results of the multi-asperity models that were described in it. Results of multi-asperity 
models and inferences drawn from those results are discussed in Chapter 5. 
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CHAPTER 5 
FEA RESULTS OF MULTI-ASPERITY CONTACT MODELS   
 
5.1 Results 
Results of finite element simulations are presented in this section. Each sub-section deals 
with results of a specific asperity density, which translates to specific spacing of the grid 
on which asperity centers are placed as described in Table 4.2 
 
For each case, comparison with the extended Ciavarella et al. interaction model is 
presented in a normalized load-interference plot. The load is always normalized by the 
corresponding GW load (i.e., asperity deformation without any interaction effects). 
Therefore, the degree of deviation from a ratio of 1 indicates the significance of interaction 
effects for a given spacing between asperities (simple stated one would expect that if 
asperities are far apart there will be no asperity interaction and as asperities get closer 
together asperity interaction should be seen). The normalization of interference is done by 
the standard deviation of asperity heights, i.e., σ = 0.01 µm. This was the most appropriate 
parameter suitable for normalization in this case as there was no fixed difference in height 
between successive sets of asperities as was the case with the three asperity contact models 
presented in Chapter 3. However, it is to be noted that there was only one asperity between 
a standard deviation of 2σ and 3σ. So, up to an interference of 1σ, there is only one 
asperity in contact. Therefore, in this regime, mesh validation can be obtained by 
comparing FEA load to Hertzian load for a single asperity in contact. 
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5.1.1 Case 1: Asperity spacing = 0.2*R 
 
 
Figure 5.1: a) Asperity model on a 1:1 scale showing cross-sectional plane 
b) Cross-sectional view of a plane of asperities. Y:Z scale = 10:1  
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Figure 5.2: Normalized load-interference comparison  
between FE results and interaction model, d=0.2R 
 
As seen in Figure 5.2, the FEA results follow the same trend as the interaction model at 
higher interferences. At low interferences less than normalized interference values of 1, 
there is only one asperity in contact. Hence, the finite element mesh validation would 
require that FEA values are very close to 1 so as to satisfy the Hertzian load-interference 
relationship. This is not the case for such a small spacing of 0.2*R between asperities 
because we are no more simulating the case of a single sphere in contact. Rather we are 
simulating a sphere with other bumps on its surface under contact. So, comparison with 
Hertzian load may not be a valid comparison in this case. Mesh for this model was finer 
than even other cases where mesh validation was obtained. So, errors from mesh 
convergence can be ruled out in this case. Further study of this limiting case of spacing 
between asperities has to be carried out to understand mechanics of interaction in this case.  
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5.1.2 Case 2: Asperity spacing =0.35*R 
 
 
Figure 5.3: a) Asperity model on a 1:1 scale showing cross-sectional plane in black 
b) Cross-sectional view of a plane of asperities. Y:Z scale = 10:1  
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Figure 5.4: Normalized load-interference comparison between 
FEA results and interaction model, d=0.35R 
 
In this case, it is clear from Figure 5.4 that there is good mesh validation as the load from 
FEA matches the Hertzian load within an accuracy of 5% when normalized interference is 
less than 1 (only one asperity in contact). The interaction model works well over most of 
the simulation and seems to replicate FEA trend well. This implies that at a spacing of 
0.35*R between asperities, the asperities are far apart to behave as individual spheres yet 
close enough to have substrate close to the asperity contact area. So, Hertzian contact is 
applicable yet substrate deformation using Hertzian pressure as substrate pressure profile 
yields a good match between analytical and FEA results. Figures 5.5 and 5.6 show Von-
Mises stress plots at different interferences. It is evident that the substrate is almost at the 
same level as asperity contact area and hence the extended Ciavarella et al. interaction 
model works well. Also, a significant amount of interaction between stress fields of 
adjacent asperities can be seen in Figure 5.6. This will be contrasted with stress fields for 
large asperity separation in § 5.1.5. 
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Figure 5.5: Von-Mises stress at 2σ interference. Stress units are x 10 GPa. 
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Figure 5.6: Von-Mises stress at 2.88σ interference. Stress units are x 10 GPa. 
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5.1.3 Case 3: Asperity spacing = 0.5*R 
 
 
Figure 5.7: a) Asperity model on a 1:1 scale showing cross-sectional plane in black 
b) Cross-sectional view of a plane of asperities. Y:Z scale = 10:1  
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Figure 5.8: Normalized load-interference comparison between 
FEA results and interaction model 
 
In Figure 5.8, mesh validation is achieved as the agreement between Hertzian and single-
asperity contact is within 3% for a normalized interference of less than 1. At this separation 
of 0.5*R between asperities, interaction effects begin to be overestimated by the extended 
Ciavarella et al. model as seen in Figure 5.8. One reason for this could be because as 
asperities move apart, the “substrate” becomes much lower than the asperity tip. This is 
because there is less material between asperities as their curvature causes more open 
spaces between them and less space filled with material. “Substrate” can be thought of as 
the material that connects different asperities together and hence is responsible for 
transmitting the displacement fields due to contacting asperities to other asperities. When 
substrate is at a lower level than the asperity contact region, substrate pressure profile can 
no longer be approximated by the asperity contact area pressure profile.  
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In order to confirm this hypothesis, an elastic analysis of a symmetric model having 12.5 
asperities was conducted. Pressure profiles at the substrate and asperity contact areas were 
obtained by appropriate partitioning in the model while it was being meshed. The exact 
paths defined to obtain substrate and asperity surface pressure profiles are shown in Figure 
5.9.  
 
 
Figure 5.9: Surface and substrate nodes used for pressure profile comparison 
 
Figures 5.10 – 5.13 show the pressure profiles at surface nodes and at the substrate nodes 
at different interferences. 
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Figure 5.10: Pressure profile comparison at 3*σ interference 
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Figure 5.11: Pressure profile comparison at 1.65*σ interference 
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Figure 5.12: Pressure profile comparison at 0.3*σ interference 
 
It is clear from Figures 5.10 – 5.12 that at small interferences, due to significant distance 
between the substrate path and surface path (6σ distance), the pressure profiles are very 
different. More specifically, the substrate pressure profile has much smaller magnitude 
than the surface pressure profile at all nodes. Using extended Ciavarella et al. model 
amounts to approximating the substrate pressure profile by the surface pressure profile. 
This causes the difference between the extended Ciavarella et al. model and FEA results to 
increase as spacing between asperities increases. This trend is seen in the following cases 
too, where the difference between the extended Ciavarella et al. model and FEA results 
increases considerably. 
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5.1.4 Case 4: Asperity spacing = 0.7*R 
 
 
Figure 5.13: a) Asperity model on a 1:1 scale showing cross-sectional plane in black 
b) Cross-sectional view of a plane of asperities. Y:Z scale = 10:1  
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Figure 5.14: Normalized load-interference comparison between 
FEA results and interaction model 
 
In this case, mesh validation is guaranteed as the load for the single asperity contact is in 
agreement with Hertzian load within 3%. The overestimation of interaction effects by the 
extended Ciavarella et al. model of asperity interaction is more evident in this case than in 
the previous case when spacing between asperities was 0.5*R. This is because of the 
lowering of “substrate” level as discussed in § 5.1.3. 
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5.1.5 Case 5: Asperity spacing = 0.9*R 
 
 
Figure 5.15: a) Asperity model on a 1:1 scale showing cross-sectional plane in black 
b) Cross-sectional view of a plane of asperities. Y:Z scale = 10:1 
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Figure 5.16: Normalized load-interference comparison between 
FEA results and interaction model 
 
In this case, it is clear that asperity interaction is overestimated by the extended Ciavarella 
et al. model. The asperities behave close to GW model with ~18% deviation from GW at 
the maximum interference of 3σ. Figure 5.17 shows the Von-Mises stresses at maximum 
interference. It is worthwhile to note that the stresses of each asperity are well contained 
within itself and do not interact with stress fields of other asperities, unlike the stress fields 
in Figure 5.6. 
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Figure 5.17: Von-Mises stress at 3σ interference. Stress units are x 10 GPa. 
 
5.1.6 Case 6: Asperity spacing = 1.5*R 
In this case, instead of simulating the complete set of 25 asperities, 12.5 asperities were 
simulated using a symmetry model as shown in Figure 4.25. Due to symmetry modeling, 
the results can be used as those obtained with 25 asperities. Results for this case were 
normalized with results of the GW model for asperity heights modeled using symmetry. 
Hence, these results are also comparable to the other cases due to normalization with 
corresponding GW values of this specific case. This case is the limiting case of asperity 
spacing tried in this study. FEA results clearly show that there is less than 10% deviation 
from a value of 1 for normalized load. This implies that the GW model holds for large 
spacing between asperities when interaction effects are not significant and can be ignored. 
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Figure 5.18: a) Asperity model on a 1:1 scale. 
b) Cross-sectional view of YZ plane of asperities. Y:Z scale = 50:1 
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Figure 5.19: Normalized load-interference comparison between 
FEA results and interaction model  
 
5.2 Summary 
From the FEA –based study of multi-asperity contact carried out in this study, it is clear 
that substrate deformation seems to be an important factor governing asperity interaction. 
Substrate deformation can be predicted for an elastic half space if the pressure profile at 
the substrate level is Hertzian or uniform pressure and we are aware of the magnitude of 
pressure at the substrate level. This seems to be the key question that is thrown up by this 
study. The answer potentially lies in the relation between maximum normal traction at a 
given depth and maximum surface traction due to Hertzian contact. This idea is currently 
under investigation.  
 
One question that was unanswered in § 4.4 was why the displacement profile 
corresponding to uniform pressure was not considered in the asperity interaction model 
though the material used for simulations was elastic-perfectly plastic. The primary reason 
 95 
for this is that the substrate pressure profile need not necessarily be uniform as soon as 
critical interference is reached. Also, our results clearly indicate that using the 
displacement profile of a uniform pressure field would overestimate interaction effects to a 
greater extent than what is being done currently as the displacement at each point in the 
body would be estimated to be more than the value used currently. This can be seen from 
Figure 4.11. So, use of the displacement field corresponding to uniform pressure will not 
make the interaction model produce better agreement with FEA results. The key to 
achieving better agreement lies in devising a method to approximate substrate pressure 
profile using surface pressures. More about this is discussed as part of future work in 
Chapter 6. 
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CHAPTER 6 
CONCLUSIONS AND FUTURE WORK 
 
6.1 Conclusions 
Through this thesis work, the scope of finite element analysis in studying GW-based 
contact models and asperity interaction effects has been shown to be very broad. With 
increasing computational power available to researchers, the finite element method could 
be used to understand important problems in contact mechanics much better than before.  
 
The focus of this thesis was the validation of GW model and study of the effect of asperity 
interaction on load-interference behavior predicted by the GW model. Asperity interaction 
effects were quantified using an extended interaction model that was originally proposed 
by Ciavarella et al. 
[13]
 and compared to results from FEA simulations of multi-asperity 
contact. Results clearly showed that as spacing between asperities increases i.e. as asperity 
density decreases for a given roughness (quantified by σ/R ratio), the GW model 
approximates the load-interference behavior better than the extended Ciavarella et al. 
model. At low spacing between asperities, the extended Ciavarella et al. model provides a 
very good approximation for load-interference behavior. The reason for the effectiveness 
of the interaction model at small spacing but poor match at large spacing was investigated. 
A study of pressure profiles at asperity contact area and at substrate level shows that 
approximating substrate pressure profile by asperity contact area pressure profile (as done 
in the Ciavarella et al. model and its extension) leads to overestimation of interaction 
effects for large asperity spacing. This is because at large spacing, substrate level is at a 
lower position than asperity contact level and therefore pressure profile at substrate is very 
different from that at the asperity level.  
 
It is clear that the extended Ciavarella et al. model overestimates interaction effects 
especially when asperity spacing is large (as measured by the areal density, the asperity 
radius and the ram roughness). To avoid this, an improved model which uses the idea 
behind Ciavarella et al. model but uses a better approximation for substrate pressure profile 
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than the current approximation that substrate pressure profile is equal to surface pressure 
profile should be developed.  
 
6.2 Alternate asperity interaction models 
It is of interest to note that there are other interaction models that have been proposed like 
the one by Zhao and Chang 
[10]
. This model was not used for comparison with FEA results 
obtained in this study. It would be a good exercise in the future to compare the FEA results 
to the Zhao and Chang model 
[10]
. The Zhao Chang model uses the idea that substrate 
deformation at an asperity, due to contacting asperities, can be calculated by using an 
equivalent uniform pressure acting outside the “territory” of an asperity. This way of 
modeling interaction may not be a direct implementation of the displacement field due to 
each contacting asperity influencing positions of other asperities. But, a deeper 
investigation into this model might be helpful in understanding alternate views of asperity 
interaction using substrate deformation and also to compare their results with FEA results 
for multi-asperity contact. 
 
6.3 Applicability to real rough surfaces 
Though this study showed clearly that for a given roughness (characterized by σ/R), 
asperity spacing plays a major role in the degree of asperity interaction, it does not directly 
correlate to actual rough surfaces. This is because a direct correlation between density of 
asperities, η and roughness of a surface is somewhat difficult. Some typical characteristics 
of real rough surfaces are listed in Table 5.1 that cover super smooth surfaces (1 nm rms 
roughness for magnetic storage samples) to rough surfaces (2 µm rms roughness for rough 
cast iron sample in compressors). The data in this table is reproduced from Table 2 of 
reference [36]. 
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Case Description σ (nm) R (µm) η (µm
-2
) β Ψ 
I HDI 1 2.5 16 0.04 0.73 
II MEMS 10 1 4 0.04 3.64 
III Smooth 
compressor 
100 110 0.004 0.044 1.10 
IV Rough 
compressor 
2000 12 0.002 0.048 14.9 
Table 6.1: Equivalent roughness parameters 
[36] 
 
The specific case that was chosen from this table in this study was Case II. However, since 
the study tried to find the effect of a single parameter (asperity spacing) on interaction 
effects, roughness (σ/R) was kept constant for the rest of the study. The advantage of this is 
that one can then perform controlled parametric studies to clearly identify the asperity 
interaction affects.  In the future, the practical cases shown in Table 2, will also be 
simulated. This way, one can develop a better understanding of whether interaction effects 
due to substrate deformation alone can explain the experimentally observed validity of the 
GW model for macro-scale rough surfaces but wide variation between experimental 
stiffness measurements and actual stiffness of smooth surfaces like the ones used in 
magnetic storage devices 
[45]
. 
 
6.4 Applicability to textured surfaces 
There is a lot of interest on the behavior of textured or patterned surfaces in recent years. 
Such surfaces could be fabricated using, for example, laser surface texturing techniques or 
ion milling in surface micromachining. The load-deformation and stiffness characteristics 
of textured surfaces could potentially be studied using finite element analysis techniques 
and using a relevant asperity interaction model that closely reproduces asperity interaction 
behavior. A case in point is the nano-indentation study carried out by Wang et al. 
[46]
. In 
their study, Wang and his colleagues study the comparison between experimental nano-
indentation of a nano-dot patterned surface and a numerical model. The model is 
developed based on finite element analysis of a single nano-dot. With the work described 
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in this thesis, it would be possible to create multiple nanodots on a surface and use it to 
model real-world nano-indentation for various purposes.  
 
In future studies, sliding contact could also be simulated along with normal contact of 
textured surfaces. Such a study could aid in understanding different frictional and wear 
characteristics of textured surfaces. Such research is especially relevant in today’s 
applications where the behavior of patterned/textured surfaces available in nature is 
causing a lot of interest in the scientific community. 
 
6.5 Simulation of large areas of real rough surfaces 
In this thesis, the first steps towards modeling a real rough surface using finite element 
analysis have been documented. One limitation of this study has been that the nominal area 
of contact being simulated is very small i.e. of the order of a few micrometers square. In 
reality, most contacts between surfaces occur over an area of a few hundred micrometers 
square at the very least. This brings up the question of whether it is possible to model a 
sizeable area of a realistic rough surface and if so, why it was not done in this study. As 
mentioned earlier, a small area was chosen for this study as prior knowledge of the 
maximum number of nodes that finite element analysis could handle was not known. 
Initially, even a few tens of thousands of nodes was considered to be a large scale 
simulation. Later, with better understanding of FEA capabilities, the number of nodes in a 
model was increased. Some of the final simulations used as many as ~600,000 nodes 
which in turn translates to ~3-4 million degrees of freedom.  
It is likely that FEA simulations could be used to simulate a larger contact area by dividing 
it into smaller areas. Alternately, one might want to simulate a larger contact area with 
more asperities using a single simulation. But in order to not increase job execution time or 
number of degrees of freedom drastically, it might be necessary to use Explicit solution 
techniques rather than implicit solution as done in Abaqus
TM
 Standard. To this end, 
Abaqus
TM
 Explicit could be used to model more degrees of freedom. But care should be 
taken to ensure that the model is set up with very small time frame because Explicit 
models use time dependence in them. Normal contact studied here does not need any time 
frame as it is a quasi-static problem being simulated.  
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6.6 Direct use of real rough surface data 
There has been considerable interest in importing rough surface data from a profilometer 
or a surface scan directly into finite element software and use this data for simulation with 
little or no filtering. The possibility of such analysis has been confirmed by Thompson and 
Thompson, whose paper 
[24]
 specifies important parameters that should be taken into 
account while performing such analysis. Direct FEA analysis of roughness data obtained 
from certain Chromium-Nitride coated surfaces has been done by Walter et al. 
[22,23]
. Such 
analysis could enable creation of valuable techniques to predict stiffness and load-
interference response of a surface directly without any assumptions or simplifying models. 
Frictional characteristics of real surfaces could also be studied using sliding contact 
simulations.  
 
6.7 Comparison between 1D and 2D placement of asperities 
Two methods of simulating multi-asperity contact have been discussed in this thesis. The 
first method was to place asperities along a single line (1D asperity placement) and the 
second was to distribute asperities over an area or grid (2D asperity placement).  If 
substrate deformation is the dominant mechanism for asperity interaction effects, it is 
evident that using the same asperities in 1D and 2D placement would produce different 
results. How different the results would be is a question that has not been answered in this 
thesis. A comparative study of asperity interaction effects using 1D and 2D asperity 
placement could start with the use of an improved analytical asperity interaction model to 
predict differences between 1D and 2D asperity placement. This would help in studying 
the effectiveness of 1D and 2D asperity placement in mimicking experimental data. 
 
6.8 Study of effect of coatings in various applications 
Finite element analysis of real rough surfaces with coatings on them could be used to study 
the effect of coatings on the mechanical characteristics of surfaces used in various 
applications like magnetic storage devices and tribological coatings. For example, most 
magnetic storage devices use an ultra thin layer of diamond like carbon (DLC) layer 
overcoat to protect the magnetic storage layer. A different model than homogeneous 
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contact model might be needed to understand contact mechanics of layered structures as 
suggested by Yeo et al. 
[21]
. Some models 
[21,47]
 have been proposed in the past to evaluate 
contact parameters like load and area for surfaces having a thin coating on them. The 
model by Yeo et al. 
[21]
 was verified using FEA of a single asperity with coating on it but 
was not tested using multi-asperity surfaces. The analytical models by Yeo et al. 
[21]
 and 
Chang 
[47]
 could be verified by using finite element analysis of multi-asperity surfaces with 
a thin coating on it. This way, any difference between proposed models and actual physics 
of a system in the presence of a coating could be studied and an improved theory could be 
developed to understand the mechanics of coating-substrate interaction.  
 
6.9 Study of curvature effects 
Hertzian theory of elastic contact between two spheres makes a fundamental assumption in 
its formulation regarding the profile of spheres in contact:  
The profile of the spheres near the region of contact can be approximated by a second 
order (parabolic) curve of the form 
2 2
z Ax By Cxy= + + . This equation can be rearranged 
by choosing the orientation of x and y axis such that the xy term vanishes. So the 
approximation essentially remains a second-order approximation, with higher-order terms 
neglected. 
 
As contact area increases with interference, it is likely that the effect of the approximation 
of the curved surface profile by a second order equation begins to manifest itself as an 
error. This effect was discussed by Storey 
[48]
, who shows in his paper that considering a 
higher order approximation of curved surface profile instead of second order 
approximation (Hertzian) can cause differences in predicted contact pressures and contact 
areas at high contact area. 
 
This is an important fact that is often overlooked by researchers, which is valid as long as 
a/R ratio is less than 0.2. Beyond this limit, Storey 
[48]
 shows that the error starts 
increasing. Further research into this “curvature effect” of asperities is necessary to 
understand its importance in contact mechanics especially when surfaces having small 
radii of curvature are considered. 
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In conclusion, work in this thesis opens up other areas of research that could be pursued in 
order to gain a deeper understanding of contact between rough surfaces. 
  
 103 
REFERENCES 
 
1. Bhushan B, 2002, Introduction to Tribology, John Wiley & Sons, New York, 56. 
2. http://taylor-hobson.com/ 
3. Suh A.Y & Polycarpou A.A, 2006, Digital filtering methodology used to reduce 
scale of measurement effects in roughness parameters for magnetic storage 
supersmooth hard disks, Wear, 260, 538-548. 
4. Greenwood J.A & Williamson J.B.P, 1966, Contact of nominally flat surfaces, 
Proc. Of the Royal Society of London, Series A, Mathematical and Physical 
Sciences, 295, Number 1442, 300-319. 
5. Yu N & Polycarpou A.A, 2002, Contact of rough surfaces with asymmetric 
distribution of asperity heights, Journal of Tribology, 124, 367-376. 
6. Ogilvy J.A & Foster J.R, 1989, Rough surfaces: Gaussian or exponential statistics?, 
J.Phys. D:Appl. Phys., 22, 1243-1251. 
7. Hertz H, 1882, On the contact of elastic solids, J. reine und angewandte 
Mathematik, 92, 156-171. 
8. Jones R.E & Zeigler D.A, 2005, A method for determining the asperity distribution 
of contacting rough surfaces, Journal of Tribology, 127, 24-29. 
9. Zhao Y, Maietta D.M & Chang L, 2000, An asperity microcontact model 
incorporating the transition from elastic deformation to fully plastic flow, Journal 
of Tribology, 122, 86-93. 
10.  Zhao Y & Chang L, 2001, A model of asperity interactions in elastic-plastic 
contact of rough surfaces, Journal of Tribology, 123, 857-864. 
11.  Iida K & Ono K, 2003, Design consideration of contact/near-contact sliders based 
on a rough surface contact model, Journal of Tribology, 125, 562-570. 
12. Johnson K.L, 1985, Contact Mechanics, Cambridge: Cambridge University press, 
61. 
13. Ciavarella M, Delfine V & Demelio G, 2006, A “re-vitalized” Greenwood and 
Williamson model of elastic contact between fractal surfaces, Journal of the 
Mechanics and Physics of Solids, 54, 2569-2591.  
 104 
14. Ciavarella, M, Greenwood, J.A & Paggi,M, 2008, Inclusion of “interaction” in the 
Greenwood and Williamson contact theory, Wear, 265, 729-734. 
15. Yeo C.-D, Katta R.R, Lee J & Polycarpou A.A, 2010, Effect of asperity 
interactions on rough surface elastic contact behavior: Hard film on soft substrate, 
Tribology International, 43, 1438-1448. 
16. Komvopoulos K & Choi D.-H, 1992, Elastic finite element analysis of multi-
asperity contacts, Journal of Tribology, 114, 823-831. 
17. Kogut L & Etsion I, 2002, Elastic-plastic contact analysis of a sphere and a rigid 
flat, Journal of Applied Mechanics, 69, 657-662. 
18. Kogut L & Etsion I, 2004, A static friction model for elastic-plastic contacting 
rough surfaces, Journal of Tribology, 126, 34-40. 
19. Jackson R.L & Green I, 2005, A finite element study of elasto-plastic 
hemispherical contact against a rigid flat, Journal of Tribology, 127, 343-354. 
20. Chang W.R, Etsion I & Bogy D.B, 1987, An elastic-plastic model for the contact of 
rough surfaces, Journal of Tribology, 109, 257-263. 
21. Yeo C.-D, Katta R.R & Polycarpou A.A, 2009, Improved elastic contact model 
accounting for asperity and bulk substrate deformation, Tribology letters, 35(3), 
191-203. 
22. Walter C, Antretter T, Daniel R & Mitterer C, 2007, Finite element simulation of 
the effect of surface roughness on nanoindentation of thin films with spherical 
indenters, Surface & Coatings Technology, 202, 1103-1107. 
23. Walter C & Mitterer C, 2009, 3D versus 2D finite element simulation of the effect 
of roughness on nanoindentation of hard coatings, Surface & Coatings Technology, 
203, 3286-3290. 
24. Thompson M.K & Thompson J.M, 2010, Considerations for the incorporation of 
measured surfaces in finite element models, Scanning 32, 183-198. 
25. Gao Y.F, Bower A.F, Kim K.-S, Lev L & Cheng Y.T, 2006, The behavior of an 
elastic-perfectly plastic sinusoidal surface under contact loading, Wear, 261, 145-
154. 
 105 
26. Eid, H & Adams, G.G, 2007, An elastic-plastic finite element analysis of 
interacting asperities in contact with a rigid flat, J. Physics D-Applied Physics, 
40(23), 7432-7439. 
27. Majumdar A & Bhushan B, 1991, Fractal model of elastic plastic contact between 
rough surfaces, J. of Tribology- Trans. ASME, 113(1), 1-11. 
28. Patir N, 1978, Numerical procedure for random generation of rough surfaces, 
Wear, 47(2), 263-277. 
29. Hu, Y.Z & Tonder,K, 1992, Simulation of 3-D random rough surface by 2-D 
digital filter and fourier analysis, Int. J. Mach. Tools & Manufacture 32(½), 83-90. 
30. Poon C.Y & Bhushan B, 1996, Numerical contact and stiction analyses of Gaussian 
isotropic surfaces for magnetic head slider/disk contact, Wear, 202, 68-82. 
31. Yu M.M.-H & Bhushan B, 1996, Contact analysis of three-dimensional rough 
surfaces under frictionless and frictional contact, Wear, 200, 265-280. 
32. Whitehouse D.J & Archard J.F, 1970, The properties of random surfaces of 
significance in their contact, Proc. Roy. Soc. Lond., A316, 97-121. 
33. Wu, J-J, 2000, Simulation of rough surfaces with FFT, Tribology International, 
33(1), 47-58. 
34. Wu,J-J, 2004, Simulation of non-Gaussian surfaces with FFT, Tribology 
International, 37(4), 339-346. 
35. Peng W & Bhushan B, 2001, A numerical three-dimensional model for the contact 
of layered elastic/plastic solids with rough surfaces by a variational principle, 
ASME Journal of Tribology, 123, 330-342. 
36. Yu N & Polycarpou A. A, 2002, Contact of rough surfaces with asymmetric 
distribution of asperity heights, ASME Journal of Tribology, 124, 367-376. 
37. Tayebi N & Polycarpou A.A, 2005, Reducing the effects of adhesion and friction in 
microelectromechanical systems (MEMS) through surface roughening: 
Comparison between theory and experiments, Journal of Applied Physics, 98, 
article 073528, 1-13. 
38.  Kim M.T, 1996, Influence of substrates on the elastic reaction of films for the 
microindentation tests, Thin Solid Films, 283, 12-16. 
 106 
39. Choosing between bricks/quadrilaterals and tetrahedral/triangles, Abaqus Analysis 
User’s manual (6.10), 25.1.1  
40. Modified triangular and tetrahedral elements, Abaqus Analysis User’s manual 
(6.10), 25.1.1 
41. Choosing a contact discretization, Abaqus Analysis User’s manual (6.10), 34.1.1 
42. Choosing the master and slave roles in a two-surface contact pair, Abaqus Analysis 
User’s manual (6.10), 34.1.1 
43. Defining the contact property model, Abaqus Analysis User’s manual (6.10), 33.1.1 
44. Contact tracking approaches, Abaqus Analysis User’s manual (6.10), 34.1.1 
45. Shi X & Polycarpou A.A, 2008, Investigation of contact stiffness and contact 
damping for magnetic storage head-disk interfaces, ASME Journal of Tribology, 
130, 1-9. 
46. Wang H, Zou M, Jackson R.L, Larson P.L & Johnson M.B, 2010, Nanoindentation 
modeling of a nanodot-patterned surface on a deformable substrate, International 
Journal of Solids and Structures, 47, 3203-3213. 
47. Chang W.-R, 1997, An elastic-plastic contact model for a rough surface with an 
ion-plated soft metallic coating, Wear, 212, 229-237. 
48. Storey C, 1960, Investigation into one of the assumptions of the Hertz theory of 
contact, British Journal of applied physics, 11, 67-68. 
 
 
